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Introducing new discrete Grisanov Transforms

The Basics of Polymer Models The first mathematically rigorous defini-
tion of a directed polymer model was developed by Imbrie and Spencer | ].
The model consists of

e S = {5, }n>0 which is a simple random walk (SRW) on the lattice Z¢. The
random sequence is defined on the probability space ((Z4)N,F, PSEW),
where F is the cylindrical sigma algebra and PSEW is a path measure
such that,

PRW(Sy =z)=1 P"W(S, S, 1 =+e;)=1/2d j=1,2...d
(1)

where, e; is the jt" vector for the canonical basis for Z¢. We will use the
notation PSFW[X] to denote the expectation of a random variable X with
respect to the measure P)S(RW. When x = 0, we drop the subscript and use
the notation Py := P. We will use the notation x to denote a realization
of the SRW.

e A random environment w = {w(n,z) : n € N,z € Z%}, which is a sequence
of i.i.d, non-constant and real valued random variables defined on a prob-
ability space (2, W, Q). We assume that w(n, z) has moments of all order
by declaring that

A(B) = log(Q[e”*(™]) < cc. (2)

We again adopt the notation that Q[Y] to denote the expectation of a
random variable Y with respect to the measure Q.

e The random path measure Pf"", that is defined on the measurable space
((ZHYN, F) through it’s Radon-Nikodym derivative with the path measure
P

)

Baw( Q) — P rw
PL(S) = 5 PIV(S) 3)



We call the path measure P%“ polymer measure and the simple random
walk equipped with this measure, we call a polymer. The constant 8 > 0
is called the inverse temperature and

Hy(x) = Hy(x) = Y w(i, ;) (4)

1<i<n

is the total energy of a realized path x called the Hamiltonian potential.
Zn(w, B) is a normalizing constant called the partition function that makes
P5% into a probability measure

Zn(w, B) := Z, = P[P, (5)

When 8 = 0, the polymer measure is just a simple random walk. One main
object of interest is the normalized partition function

M, =e ™Az (6)

One can check that (6) is a non-negative martingale with respect to the filtration
Wy, = o{w(i,x) : i <n,x € Z9}; see | ]. Therefore, one can apply Doob’s
Martingale Convergence Theorem to M, and consider its limit,

lim M, = My as. Q. (7)

n—oo

and by Komologrov’s 0-1 law, the limit M, is either strictly positive or identi-
cally zero almost surely (). This provides the following dichotomy.

Definition 1. We have the following classifications:

e If Q(Wx = 0) = 1 (a.s.), then we say that the polymer is in strong
disorder.

e If Q(Ws > 0) = 1 (a.s.), then we say that the polymer is in weak
disorder.

Comets and Yoshida | | showed that in all dimensions there is exists a
critical temperature 3. such that for all 5 < . the polymer is in weak disorder
and for 8 > S, the polymer is in strong disorder. Further they showed that for
d=1,2, 8. =0. In | | they showed that with d = 1 and scaling the
inverse temperature 3, := n~'/4 the normalized partition and diffsuve scaling
in space and time, the partition function no longer converges to zero, but rather



has a limiting distribution which can be identified as a Wiener Chaos expansion.
This intern can be identified as the chaos solution of Parabolic Anderson Model,
see [ ] and | ]. NOTE: Should I put that result here?. The critical
scaling of 3, is critical for the distributional convergence and characterizes and
new regime for polymer model called intermediate disorder. In this paper we
are interested in how certain changes of the SRW measure effects the polymer
in intermediate disorder. For fixed h € R, we define a new path measure P;I™LT
on the same probability space as PSEW.

The Tilted Measure We define the tilted measure by

TILT R A e sw
B, (8) = zl;[l WP (5) = 7(h)np (5) (8)
where
A(h) = PSRV [h(5: 5] — cosh(h), 9)

Note that Py = PSEW and that the measure P,;F ILT ipherits the Markov prop-
erty from PSRV, Let F,, = 0(Sp, 51, ..., Sn) be the sigma-algebra generated by
the random walk up to time n. For z,y € Z,

h(z—y)
PIT(S, =2 | Spoy =y) = PSRYV(S, =z | S =y).  (10)
v(h)
Since the tilted measure factors as
ehsn ehsn—l eh(sn_snfl)

A AT A 1

the factor % is F,—1-measurable leaving a transition kernel that depends

only on S, _1. Thus P,;HLT(SR = x| Fn—1) depends only on S,,_1, so the walk
remains Markov under PhTILT. We use the notation EEILT to denote taking
expectation with respect to the measure Pl ILT " 'We wish to consider the effect
that this change of measure has on the Hamiltonian of the polymer model.

By exp(BHn ()] (12)
We can calculate the partition function under this change of measure:
Z"W = By exp(BH(S))] (13)
We can also write down the tilted point-to-point partition function
Zy (@) = By [exp(BHA(S)) s, =a)] (14)
and also the conditioned point-point partition function,
Zy M (2, by, 8) = Ep - [exp(BHA(S)) 1(s, =0} Sn = 9] (15)
We define the polymer end-point measure as
P (S =) = ZZT(T) (16)



The Measure PAREA We define the area measure by

h3 7y Sn
eipTILT(S) (17>

PEILT(S) = H(h)n h

where
r(h) = PSPV [h5] = cosh(kh).

2 Main Results

Recall the definition of the tilted partition function

ZTLT given in (13).

Theorem 2.1. Assume that the random environment has mean zero and vari-
ance one. Under the scaling of Bn = fn~"* and h, = hn="*, as n — co, we
have

_n » d
e "ABn) Z TILT 2, Z g (18)

where Z 4, can be identified as an infinite sum of stochastic integrals

0o k

Zpp =1+ Z(\ﬁﬁ)k/ / H W (ti, o) pil 0t — tion, v — 4-1) dov; dt;
k=1 Ay JRE

(19)

where W (t, ) is white noise on RY x R, with covariance E[W (t,z)W (s,y)] =
0(t—9)0(z—y), x; €R, A ={0<ty <ty <--- <ty <1}, and

2 (x — ht)?
P 0) = exp(—%) . (20)

See Theorem A.1 for a full account of the local limit theorem in this case.

Theorem 2.2. Consider the four-parameter field

(z,t;5,y) — e E=9AE) ZTIET (ny \/na ns, /ny). (21)

This four-parameter field converges weakly on the space of continuous bounded
functions to the four-parameter process Zg (x,t; s,y), which solves the following
stochastic partial differential equation:

1
8t257h — iaizlgﬁ + h@leg,h — /BWZB7h =0, (22)

with initial condition

1511 Zgn(s,y;t,x) = do(z — y). (23)



Relationship with Polynomial Chaos Expansions At first glance, our
model appears similar to the model constructed in [ ]. However, the un-
derlying models are fundamentally different. We briefly recall their construction
and explain the distinction.

Let Q5 = ((6Z x 6Y/2Z%) N Q), where Q = (0,1) x R and § > 0. In this case,
we are in the Gaussian regime corresponding to o = 2. In | ], a random
measure is constructed from a reference measure Pg;‘ff via

exp(Ppcq, AW + h)ow) PE (do). (24)

Pfuzj,;,,\,h(da) = 7w
QsiA\,h

Here A > 0, h € R, and the field o is given by 0 = (04)zeq;. In the directed
polymer setting, we take 6 = 1/N and define the field o, = 14, (z), where A is
the random subset given by A := {(%, %) }n>0 . Consequently, setting d=1,
the deterministic tilt satisfies -

> hoy =Y hla,(x)=hN. (25)

z€ENs €N

This should be contrasted with the drift term in (8), which is of the form hS,.
The former depends only on the length of the path, while the latter depends on
the endpoint, and hence introduces a genuine drift not previously studied.

The Topology of Convergence The topology of convergence for Theo-
rem 2.2 is that of Cy([e, T] x R) with the supremum norm. We implicitly assume
that the random environment is extended to R by taking it to be piecewise con-
stant on the lattice, which, when the lattice is appropriately scaled, converges
to a continuous limit.

To show convergence in distribution of the four-parameter process in Theo-
rem 2.2, it suffices to establish convergence of the finite-dimensional distribu-
tions (FDDs) and tightness of the field as elements of Cy([e, T] x R), see | ]
and references therein. We prove tightness in Section 7 and expand on the nec-
essary details in Appendix D and Subsection A.2, which rely on standard SPDE
methods.

Core Ideas of the proof The proof of (2.1) relies on the work of [ 1,
which provides a framework for a family of polynomial chaos expansions to
converge to Wiener chaos expansions; see 2.1 and 2.2 in | ]. The key idea
is to linearise the partition function ZI'WT this linearisation is given by



3T (3, 8) = BT H (14 Bwi,s,) 1gs,—ay | - (26)
i=1

Using the binomial theorem, we can expand (26) as a polynomial chaos expan-
sion,

BT 14 Zﬁ’“ > le 5. (27)

= ieDy i=1

where
Dy ={i:=(i1,...,ix) ENF: 1 <iy <+ <, <m} (28)

Using the Markov property (10) we obtain the full polynomial chaos expansion

27 *1+Zﬂk Z Z Hw Z],ZL’] TILT( 15 ij_l,lij 75Ej_1),. (29)

k=1 ieDy xezk j=1

Heuristically, if one scales the lattice diffusively and applies the local limit theo-
rem to P (i —ij_y, 25 — x5 1), see Theorem A.1, then we should obtain the
limiting object claimed in (2.1). Formally, this framework is given by | ]
Theorem 2.3, which we will expand upon when in Section 4.

A New Partition Function For Velocity Of a Path We now introduce a
new partition function, which describes the polymer observed at a given velocity.
The usual partition function records the weight of paths ending at a position
x, whereas the part the new partition function records the weights of the path
whose velocity is h. We now define a velocity partition function by replacing
the simple random walk reference measure with the transformed reference walk.
Let

k (N) k Sk
ty = — H
NOTE: I think this needs changing For ty < t, set
ko = | Nto], k= |Nt|. (31)

We define the velocity point-to-point partition function by

k
Un(t,h) == EMY lexp{ 3 (ﬂw(i7Hl,(N)) A(ﬁ))}] . (32)

i=ko+1



where E{j ,]:; ., denotes expectation with respect to the discrete bridge of the
transformed walk H(N)| started from (o, ho) and conditioned to end at (¢, k).

Theorem 2.3. Under the intermediate disorder scaling
ﬁN = ﬂN71/47

the veclocity partition functions Uy converge in distribution to solution of the
following SPDE

ho —h

—OnU + Bt=Y2UW. (33)

1
oU = —=0nn U
¢ o2 Ohh +
The initial condition is the Dirac delta measure

Ulto, ) = Ong. (34)

Replica Overlap In Intermediate Disorder We are also interested in the
number of intersections two independant SRW'’s take in intermediate disorder
under polymer measure measure. The main result is the following.

Lig:=Y P25 (Sn=ux) (35)
TEZ
In | ], they showed that with unscaled 3, the sumability or divergence is

equivalent for the polymer being in weak or strong disorder. It is important to
note that I, is a random variable on (Q,, W), Q), and should be viewed as a
random sequence (I, g)nen, With each I, g € [0,1]. The sequence (I, g)nen is a
natural object of interest to study, as it is related to the Doob decomposition of
the free energy (see | ]) and also has an interpretation in terms of replicas;
let S1 and S be two independent SRWs with law P ;. On the path space 02

n, path
define the product measure Py 5 ® P’ ;. This allows us to write

Ing =[Py 1%%(S) = 50) = PYs @ Pyy (S)h=57) (36)

and this allows us the interpretation that ZZ=1 I, is the expected amount of
overlap of two polymers in the same fixed environment. We are interested in
the intermediate disorder scaling on the endpoint measure and, consequently.
The summability of I,, is of major interest, as it characteristics weak and strong
disorder.

Theorem 2.4 ([ |, Theorem 1.1). Letd = 1. Let wbetheenvironmentwhichconsistsofi.i.dGaussianrando
0, the following are equivalent:

(i) ZI”’B =00 a.s.
n=1



() Zo(B)e T — 0 as.

Later | [ uprgraded the result to a general i.i.d. environment.

Their proof relies on the fact that after normalization, the partition function
2

Z,(B) is a martingale, and hence 10g(Zn(B)e_%") is a supermartingale which

admits a Doob decomposition:

32

log <Zn(5)e-‘zn) = M, + A, (37)

where M,is a martingale with respect to the filtration D,, = o(w(j, xz):j <
n, r € Zd). and A,, is an increasing adapted process with respect to the same
filtration. Then by an application of Ito’s lemma one can show that A, =< I,
where < means that there exists constant Cy(8) and Cy(3) such that Cy (5)A4, <
I, < C3A,,. One can then apply the strong law for martingales ( see | ]

2
) and conclude that as n — oo we have that log (Zn(ﬁ)e*%") - 0Q as

and this provides the result. Since scaling the inverse temperature removes the
martingale structure, one cannot hope for any time of almost sure convergence of
I,, g, , however using the theory of | ] we can identify the distributional
limit in intermediate disorder.

Theorem 2.5 (Endpoint Replica Overlap in Intermediate Disorder). Let

2
b = 552 )

TEZ

Let C or R be a compact set, then forx € ZNC

2

Z(1,x)
/ Z(1,y)dy
C

where Z(1,x) is the solution to the stochastic heat equation at time t = 1.
Further we have that

vnl, % / dz. (38)
C

1)
lgiglirgsotin(In, < \/ﬁ) =0.

Further, if we consider I, then we have

i Ly = /C (%)2 da. (39)

3 Replica Overlap in Intermediate Disorder

Replica Overlap Theory



Proof of Theorem 2.5

Proof. We note that in intermediate disorder we have that

Lo, = Z PEJn,n(S”:m\/ﬁ)z

TE€L/\N
Z3 (/1 Bn)
2 G 10
TEZL//N

Lemma 3.1. Let 0 < e € 1/2. Let C be a compact set. Consider the endpoint
measure as NOTE: you need to write down the endpoint measure somewhere.
Then

nZ%x n,Bn nZELl' n,ﬁn — —€
S e ey e o,

z€ZL//nNC

as n — 0.

The proof relies of a straightforward Riemann approximation to the sum, with
the error coming from the modulus of continuity of the partition function. The
modulus of continuity estimates were done by | ] in Appendix B. How-
ever we will give a brief overview of their method and explain the adaptation
to our case.

Define z,(z,t,8,) := /n3(nt,z/n, fn"1/*), which is the modified point to
point partition function with intermediate disorder scaling (see Appendix B
of | | or Proposition A2). If ¢ is fixed we will remove it from the no-
tation and replace it with notation z,(z,8,). By defining the random envi-
ronment NOTE: should I write this change in enviroment in the same man-
ner as | ] (see Proposition 5.4 and therein), we are able to interchange
nZ2(x\/n, Bn) with 22 (z, 8,) in the statement of Lemma 1.

By considering the sum over x such that z € Z/\/n, we see that the LHS
of Lemma 1 is an approximation to the Riemann integral. We have a slight
annoyance as we need to deal with two replicas of the SRW and hence we
need to deal with the endpoint measure squared. Our approach is to apply
the Garsia—Rumsey—Rodemich (GRR) inequality to the spatial sample paths of
22(z+/n, Br), which will provide modulus of continuity estimates for € R and
time [e, T], than can be used to approximate the Riemann integral in Lemma 1;
note that Z,,(53,) is just a finite random constant which does effect the Holder
exponent. For a function f : R — R, define the a-Holder modulus of continuity
wy(d), to be the constant given by

sup |f(z) = f(y)| := wy(9). (42)

|z—y|<é

10



It was proven in Theorem B.2 that there exists a version of z,(z,t, 8,) which
has continuous sample paths in both space and time. Therefore, 22 (z,t, 3,,) also
has continuous sample paths in space and time and we apply the continuous spa-
tial and time sample paths to the statement of the Garsia—Rumsey—Rodemich
(GRR). Before doing so, we consider the elementary inequalities. For M > 12
NOTE: I have written 12, but need to check if it could be 6,

Q22 (x,t) — 22 (v, S)|M}
< Q[Izn(x t) = zn(y, 5) ] [| Zn(2,t) + 2n(y, s )|2M]

< Q[|zn($ t) —Zn(,% ]1/2 [|Zn :I,' t |2M] 1z +Q[‘Zn(yv )|2M] 1/2)7
(43)

1/2

Lemma B1 of [AKQ14Db] tells us that for M > 2, there exists a constant Cj
such that for any ¢ >0 and z € Z and n > 1,

Bz, (z,t)M] < Crrp(a, t)™. (44)

where (z,t) = \/%6_932/2 is the standard heat kernel

Therefore applying inequality (44) to (43), we get that for M > 12

Q|22 (z,t) — 22(y, 5)M]
< CMQ]|2n (@, ) — 20 (y, )M (e, )M/ p(y, )M/ (45)

The modulus of continuity estimates for z,(x,t) in [AKQI14b] (Lemma B.2)
further show that for M > 6,

Qlza (@, t) = 2y, )IM] < Cus(z =yl + |s — t)M 22, )2 p(y, )M/
= Cum(J =yl + s =t p(a, )M p(y, s)M72,
(46)

for n > 1 and any M > 12 to ensure that o := M/4 — 3 is strictly positive.
By an application of Fubini’s theorem, taking ¢(z) = 2™, @(x) = z7/M for any
even M > 12. Checking the hypothesis of GRR to the sample paths of 22(x, )

11



gives us

|22(x,t) — 22(y, s)
o [ foennvare oGRS

)> dx dy dt ds

t,s€le, T
M
< Cur (f =yl +1s =) T ol M Pply )™
=) Jrversvine (e =yl +Ts — 1) !
t,s€[e, T
%—2—"7 M/2 M/2
o weryymne Om (J2 =yl +1s — 1) pla, )M py, s)M/? dx dy dt ds
t,s€[e, T
%—Q—W M/2 M/2
oyenyvm O (12 =yl + s —t]) pla, )2 p(y, s)M/2 d dy dt ds
t,s€le,T]

< Curry (47)

provided that M/4 — 2 — v > —1, which holds true for any even M > 12 and
v < M/4 — 1. Therefore we have that

// yeC ¢< |$—?7J+|25(%t))) drdydtds| = Bart(w) (48)

,5€[R,T]

where By, (w) is a random constant. By an application of Chebyshev’s inequal-
ity

P(By(w) > B) < Cuy/B (49)
So for all ¢ € [k, T] and x,y € Zy/n N C, by the GRR inequality

sup_ |z (2,) — 20 (y, 8)| < Cary BYM (|| 4 [6]) 070/ (50)
z,y€(Z/v/n)NC
lz—y|<h
t,s€(k,T)
ls—t|<5

where (y —4)/M > 0 when v > 4. Recalling that v < M/4 — 1 we have that
(y—4)/M < % =1/4—5/M, so taking M > 6 large and even provides a
modulus of continuity for any o < 1/4. O

We need to provide a Riemann approximation of the sum (40). Let C be a
compact set and consider a partition of this space given by

U, ()= U, )

1<k<yn 1<k<y/n

12



and note that for each k we have |J;| = ﬁ We consider the following difference

bea(l)- [ s

where 0 := x — k/+/n, so that |[6] < 1/y/n for all 2 € J;. Using the modulus of
continuity estimate given in (50) we obtain that

w(0) < ol < o (=) (53

for any o < 1/4. Summing both sides of (52) over 1 < k < /n gives
1 1 “ —a/2
g\/ﬁ.—nc — | =C-n (54)

1%22 (k) 7/ 22 (z) dx
Vi 2\ ) T e Vi C\ Ve
which tends to zero as n — oo for any a > 0.

Define a functional ¢ : Co[C] = R by o(f) = [, f*(z)dx. It is easy to check
that this ¢ is well-defined, and note that ¢ is continuous map since

[E(f) = F(9)| < 1CI(f = DI flloollglloo- (55)

Therefore by the local limit theorem of | ] (see (16) - which includes
tightness and convergence of the finite dimensional distributions) we have that

Vi Zu (/i ) e p(1,2)
(U )”( 23 ) "

as n — oco where e?2vF(®) is the crossover distribution (see Proposition Al).

Theorem 1 part (5) of | ] tells us that the numerator of (56) is strictly

positive as it is the solution of Stochastic Heat Equation (SHE),
OZ=3ANZ+ BZE,

Z(0,2) = dp(x). (57)
Define

u(1,2)* dx
R="T0 /C : (58)

e (/Cu(l,y)dy>2

We claim that R is finite and positive almost surely. We note that by The-
orem C.1, we know that both R; and Ry are positive almost surely, so what
remains to show is that both R; and Ry are finite almost surely. We consider

13



IE[Rl]:E[/Cu(l,x)zdx}
:/RE[u(l,z)?] dx

Ce=oel/4
< / ——dx < 0.
R 2

™

where we have used an application of Fubini and the results of [
see Appendix C). A similar calculation shows that

(/Ru(l,x) dxﬂ
:E[A;éuﬂﬁwMLyMMd4

- / /RE[u(Lx)uu,yn dz dy

C —z? —y? 1/2
S//—e 462 < dz dy < oo.
R JR 0

E[R.] <E

(59)

, Eq. (2.30)].

(60)
(61)
(62)

(63)

where we have again used Fubini’s theorem, Holder’s inequality, and the moment
estimate in | , Eq. (2.30)]. NOTE: Double check this citation and the
constants. Note we can also obtain bounds on R, these are given by

L 2
2
1 L T?
> 1 d =1L
= 2LR, (/_L u(l,) :”) LR,

Now conisder a truncation parameter M and note that

T?
< < <
]P’(Rd)]P’(zLR 5)

2
<P (TL < \/2L6M) 4+ P(Ry > M).

(66)

(67)

The last inequality can be justified by noting restricting to the event {Re < M},
2
the inequality T, < +/2LORy implies T, < V2LSM. Therefore, {211:71%2 < 5} -

{TL < V2LOM } U {R2 > M}. An application of Markov’s inequality shows
that P(Ry > M) — 0 as M — oo. By an application of the Portmanteau

14



theorem together with Theorem C.1, we obtain

lim]P’(TL < \/2L6M) —0. (68)
510

Therefore Since \/nl, LN R, then by another application Portmanteau we have
that

)
im lim s <—)=o.
%w hn supQ(In < \/ﬁ) 0 (69)

Proof of 77

Proof. The first part of the proof follows directly from the approximation of the
Riemann integral given in Theorem 3.1, together with the same error bound
obtained via a GRR-style argument, as outlined in the proof of Theorem 2.5.
Using Theorem B.1, we obtain

For the second part, define X,,(s) := v/n I,,s for s € [¢,t]. By the above and the
GRR estimates, (X,,)n>1 is tight in C([¢,t]), and hence X,, = X in C([e,t]),
where

Moreover,
[nt]

% > Ik:/ X, (s)ds + o(1),

k=|ne]

where the error term vanishes as n — 0o, by the modulus of continuity estimates
established in ?7.

Since the map f — fet f(s) ds is continuous on C([e, t]), the continuous mapping
theorem yields

[ s = [ xtsyas

which gives the desired result. O

15



4 Convergence Of The Finite Dimensional Dis-
tributions For Partition Function With Drift

Multiple Stochastic Integrals We will heavily rely on the theory of multiple
stochastic integrals, which originates in the work of [? ]. A white noise W is a
collection of jointly Gaussian, mean-zero random variables defined on a common
probability space (Qw, Fw,P), indexed by Borel sets of finite measure.

W={W4:Ae€hB, ulAd) < oo} (71)

where B denotes the Borel o-algebra and p is Lebesgue measure. The collection
satisfies

EWal =0,  E[WaWg|=pu(ANB). (72)

Note that if A and B are disjoint, then W4 and Wp are independent ran-
dom variables. We write W®¥ for the k-fold product noise, and for g(t,x) €
L%((0,1)F x R*), we define

WO (g) := / (t, x) WO (dt dx) = /g(tl,xl,...,tk,mk)W(dtl,dx1)~-~W(dtk,d9ck).
(73)

The full theory of multiple stochastic integrals can be found in [? | and | 1,
including formal constructions using simple functions and basic properties such
as linearity. However, we note that since white noise is independent on disjoint
sets, the underlying stochastic integral is invariant under permutations of the
variables. Consequently, multiple stochastic integrals depend only on the sym-
metric part of the integrand, and it is therefore natural to define them on the
space of symmetric functions Lfym((O7 1)¥ x R¥). On the diagonal, additional
contributions corresponding to It6 corrections arise, which are avoided by re-
stricting the integration to the simplex 0 < t; < --- <, < 1. This leads to the
natural construction of multiple stochastic integrals.

/ / Sym g(t, x) W®*(dt dx) —k'/ / g(t,x) WO (dt dx),  (74)
[0,1]k JR¥ Rk

where A = {0 < t; < -+ <t < 1}. For each square integrable random
variable X in (Qw, Fw,P), there is a unique decomposition given by

X =3 W(g) (75)
k=0

16



where gy, is a sequence of functions in Lgym ((O, 1)k x Rk)7 one should take gy = 0.
For each k > 1, we have E [W®k(gk)] = 0, and consequently, from (75), it follows
that E[X] = 0. There is also an underlying orthogonality relationship given, that

is for k # [ we have

E[W®*(gr) W (g1)] = 0. (76)

This can be seen by noting that taking expectations as in (76) produces k + 1
copies of white noise. Since white noise is centered and Gaussian, non-zero
contributions arise only when all noise terms can be paired. If k # [, then the
total number of factors is k + [, and it is not possible to pair all terms. Hence,
using independence and the Gaussian structure, we conclude (76). When k = [,
all noise terms can be paired, and using the covariance structure of white noise,

E[W (dt, dz) W (dt, dz)] = dt da (77)

we obtain

(0,1)k xRF)’ (78)

2] _ 2
BXY = Y kol
k=0 Y
We also recall the structure of the (Gaussian) Fock space. Let H := L*([0,1] x
R). The symmetric Fock space over H is defined as

F(H) = é"ﬂ@symk, (79)

k=0

where H®»m=* denotes the k-fold symmetric tensor product of #H, with the
convention H®® = R. An element g € F(H) can be written as a sequence

9= (90,91,---) with g € L3, (([0, 1]xR)¥), and norm [|g[|% = 3732 k! [lgel|7=-
The map I : F(H) — L?*(Q) defined by

I(g) => W (g) (80)
k=0

is an isometry, where Ij(gx) denotes the k-th multiple stochastic integral. We
call (75) the Wiener Chaos Ezpansion provided that the sum in (78) is finite.

Recall Theorem A.1, we have the local limit theorem

2
PIT(S, = 2) = \/Lexp ) +O(n W) (s1)

2mn n
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Under diffusive scaling x — x+/n and ¢ — nt, the exponential term becomes

RN I GRS R I exp<_2<r’;>2>. ©

exp| — =

V2mnt nt 2mnt

Hence, after multiplying by 1/n, it is natural to define

z—1)°
p (¢ ) = \/%exp (2(t2)> . (83)

and their corrosponding k fold transition probabilities.

Lemma 4.1. Let h € R. For x € R* and t € Ay, (recall the defintion from
Theorem 2.1), the k-fold transition probabilities, py(t,x), are given by

k
TILT H TILT (tj —tj—1, xj —xj—1 — h(t; —tj_1)). (84)

Proof. Let (By)i>0 be a standard Brownian motion and define the Brownian
motion with drift h by By = By + ht. Fix 0 = {p < t; < -+ < {x. Then the
increments By, — By, By, — B:,, ..., By, — By, _, are independent. Moreover,
foreach 1 <j <k, By, =By, , = (By;, = By, ,) + h(tj —tj_1),50 By, = By, | ~
N(h(tj—tj—1), tj—t;—1). Hence the vector of increments (y1, ..., yx) has density

k
(y; — h(t; —t;-1))?
1;[ V2r(t, —tj 1) exp(_ 2(tj —tj-1) ) ' (85)

Now set x; =y +---+y; for 1 < j <k, with g =0, so that y; = z; — ;1.
This change of variables has Jacobian equal to 1, and therefore

k
pTILT H exp < (j —mj—1 — h(t; — tj—l))2> (86)
i V2t — 1) 2t —tj-1)
O
We can now show that the random variable
X = 3wk (57)

k=0

is a well-defined Wiener chaos expansion by showing that (78) is finite. Note
that we may use the identity

TILT t X

(tj —tj—1, V2 (a5 —ajo1 — h(t; — tj—l))) :

(88)

(ps

:1;[\/ t] 1)p
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Integrating first over R* and then over Ay, we obtain

/ / TILT (¢, x) dxdt_/ L — (89)
Ay JRF Ay 71 W(tj—tjfl)

where we have used a change of variables to remove the drift. The remaining
term can be identified with a Dirichlet integral, yielding a ratio of Gamma
functions. Using Subsection E.4 the resulting expression behaves like I'(k/2 +
1)1, which decays sufficiently fast by Sterlings’ approximation to ensure that
the sum of the L? norms is summable.

U-Statisitics U-statistics are sums of the form

Z Z ﬂ{i(—)x} g(i,X)W(i,X), (90)

ieDk xeZk

where we refer to g(i,x) as the weight function. We discretise g(i,x) by av-
eraging it over diffusively scaled rectangles. Let F,, denote the collection of
rectangles of the form

Cf(i-1i] (x-1x+1 . .
]—'n,_{( - ,ﬂlx(\/ﬁ,\/ﬁ}‘ ieD;, xeZ", 1<—>x} (91)

Then, for g € L*([0,1]* x R¥), define

1
7ult) = /R g(s.y)dsdy,  (t.x) € Re F,. (92)

This may be viewed as the conditional expectation of g with respect to the
o-algebra generated by the partition F,. In particular, for each R € F,, the
function g, (t,x) is constant on R. Then consider the following U-statistic

) = Z Z ﬂ{in}gn(ivx)w(i’X) (93)

i€eEk xeZk

We need the following standard fact from Hilbert space theory: if (Xj)r>o is a
sequence of random variables in L? such that Y ;-  E[X?] < oo, then Y 77 ) Xj
converges in L2.

We state Theorem 4.3 and Lemma 4.4 of | ], which in turn is heavily
influenced by Theorem 11.16 of | ]. We state Theorem 4.3 and Lemma 4.4
of | ], which in turn is heavily influenced by Theorem 11.16 of | ].

Theorem 4.2 (Theorem 4.1 in | D). The map S} is linear in the sense
that for all aq,...,am and gy,...,gm € L?([0,1]F x R¥), we have

m

ZO‘JSk 9;) ZO‘JQJ (94)
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with probability one.

Further, for each g, the random variable S} (gr) has mean zero and the family
is orthogonal, in the sense that for k # 1,

Eq[S¢ (gk) Si"(91)) = 0. (95)
If k=1, then
EQ[SP(90)%] < n%2 3, o xaey < P 2101200y (96)
Theorem 4.3 (Theorem 4.3 and Lemma 4.4 in | ]). Let g € L%(]0,1)% x
R¥). Then, as n — oo,
n=3k/ASn (g / / (t,x) Wk (dt, dx). (97)
[0,1]F JRF

Moreover, for any g = (9o, 91,...) € By Sym([ 1] x R¥), as n — oo,

Zn—3k/4sn ) @, Z/

0.1]" /Rk gr(t,x) WO (dt, dx) =: I(g). (98)

The main proof strategy is the same as [ ], that is we will need to
transfer our results from 31T (3) to ZI'T(B3) by considering a perturbation
of the random environment NOTE: which section. NOTE: should this bit be
here? We are interested in a random environment @y, (%, ) which only has mean
asymptotically to zero and variance asymptotically to 1, that is the perturbative
random environment w, (i, ) has an explicit dependence on n. Again we can
define a weighted U-Stasitic for g € L%([0,1]F x R¥).

Sp (g0 =22 3 30 u{mx}g(;,jﬁ) Gy %) (9)

i€Ek xeZk

We will need analogous of Theorem 4.1 and Theorem 4.2 where our random
environment is now a function of n.

Theorem 4.4. Assume that the environment &, (i,x) satisfies
Q@n(1,%) =0, Q@3(1,x)) = 1+0(1),
uniformly in (i,x). Then the result of (4.3) holds with S} (g) replaced by
Sl? (g§ (L’n)
Moreover, suppose that g = (go, g1, -.) € Bpeg L ([0, 1]F x RF). If
lim hmbup Z Q@ |gk||L2([0 17k xre) = 0, (100)

N—oco pn—

Then line (98) also holds.
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Convergence of 3T (z, 3).  We recall from (2.1) that

w={i=(i1,..., k) ENF 1<y <o <y <} (101)

We will also need an unordered version of D!, which is given by
Ep ={ien)F:i;#igforj+#L}. (102)

We prove convergence of 31Tz 3) using the theory of U-statistics. We then
transfer these results to the standard partition function in the next section.
Throughout, we assume that the random environment has mean of zero and
unit variance. Recall the definition of PI™T (t,x) from (??) NOTE: I need a
reference here. We extend this function to [0,1]* x R¥ as follows. Consider the
random variable

_ Snt) + Ut
‘\/ﬁ b

where (U;);>1 are Unif(—1,1) ii.d random variables and S, is the diffusivly

scaled SRW with law PIMT. On the event {S; = x}, we obtain % which

is uniformly distributed on the interval (L\/}ll, Ljﬁl) , with density \/n/2. This

naturally extends to k£ dimensions, where, by independence, the density will

(Vi/2)".

Xn(t) : (103)

a1 X o=k, k/2._ (s
P (n’ﬁ) 1= 27 Fpk/ pk(lax) ﬂ{ieDg}w (104)

Define for 1 < k < n,

p;f%T(t,x) = ﬁEILT(fnt] ,\/ﬁx) L¢rnt]1eDky- (105)
Note that when & > n, the condition that [nt] € DF becomes inpossible and
consequently p;f%T(t,x) =0 for £ > n. NOTE: You need to say something

about the fact that this is a smoothing of the Kernel for this to make sense.
Under diffusive scaling, we claim that

_ i x ke .
p;cf,%T <n7 \/ﬁ) =2 kaILT(Lx)]]‘{iEDﬁ}' (106)

Therefore, by using the definition of (93), we have that
SE@in") =272 30 Y A ) w(ix) (107)
ie Dk xeZk

Recalling the definition of the modified point-to-line partition function given in
(29)
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k

TILT k TILT .
3, Zﬁ Z Z H w(ig, j)py " (i = ij-1, 25 — 1)

= ieDp xezk \j=1

_ 221@/2@1? i (PP (3, %)
k=0

_ Z2k/26k n—3k/4sn( k/2 TILT(1 X>) (108)

where the second inequality follows from (107) and the last equality follows from
the linearity of S* as stated in Theorem 4.2. We can now prove convergence of

the 31T ().

Theorem 4.5. Assume that the random environment has mean zero and vari-
ance one. Then as n — oo, we have

30 @, 8) % 2y (109)
where Z3 5, was defined in Theorem 2.1.

Consider p™™T(B) = (1, Bp1,B8%p2,...) € F(H) (recall the definition of F(H)
from (79)). Using the calculations from (88) to (89), together with the isometry
I: F(H) — L*(9), we see that pTIFT(3) is a well-defined element of F(H).
NOTE: This sentence needs to be removed and changes when I add the Fock
Space Section. Applying Theorem 4.3, we obtain that for all 8 > 0,

n

Zﬁk ~3k/4 gn(,TILT) Zﬁk/

[ AT Wt dx) - (110)
P [0,1)% JR*

Let us consider the L?(9, F, Q) difference between (108) and
(oo}
ZQk/zﬂknfsk/zLSg (nk/ngILT(i7m)) ' (111)

k=0
The difference between (108) and (111) is given by

i2k/25kn—3k/4sn( k/ZPT%T(,L m)) _izk/Qﬂk —3k/4Sn( TILT(,L m))
k=0 k=0 L2(Q,7,Q)
(112)
< Z2k/2ﬂkn—3k/4 |:Sn( k/2 TILT(,L w)) Sk( TILT (. a:))}
k=0 L2 (Q,F,Q)
(113)
oo
Z 2k/26kn_3k/452(nk/QpE%T(i,x)) (114)
k=n-+1

L2(Q,7,Q)
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Line (113) can be bounded above by an application of the triangle inequality.

n

k/2 gk, —3k/4 (gn( TILT n (/2 TILT
kZOZ prn=? (S( (i,x)) — S( (¢, ac)))

< 32t 8 (" o) = )

L2(Q,F,Q)

L2(Q,7,Q)

< Z2k/2ﬂk HpTILT ) — nk/2p;€fILT(i7m)‘ (115)

L2([0,1]F xRF)

where the last line follows from an application of Theorem 4.2. Note that by
the local limit theorem Theorem A.1, we have

TILT(

P (5, @) — nF2py (5, 2) — 0 pointwise as n — oo.

Therefore, if one can provide a uniform bound on n*/2pf™T (3, 2), then an ap-
plication of dominated convergence shows that (115) tends to zero as n — oo.

It is important to remember that from the definition of (105) that py (¢, x)
is designed to be zero for k > n. Therefore, we may take the limit inside
the sum in (115) without worrying about the indexing of the sum, once we

have the appropriate uniform bounds. We wish to estimate is the following
L2([0,1]% x R*) norm:

2

k/2 TILT ‘ 116
su i,
nEIlE\)TH ) L2([0,1]F xR*) ( )
We note that from the definition of pii’“T (i, x) that
2
k/2), TILT % ‘ nk TILT n—3k/2
H ko (5X) L2(]0,1]% xR*) Z Z
ieDy xeZk
—k TILT(
=0ty ) (bin
ieD} xezk
< k2 TILT TILT
<7 ) maxpin (%) ) i
ieDy xEZk
(117)

where the first line is justified by noting that, under the diffusive scaling in the
definition of (105) that produces a factor of n~3#/2 and that the kernel pTILT
has already been averaged over the rectangles in (92), and is therefore constant
on each such rectangle. Consequently, the L? norm reduces to a sum over the
spatial lattice and the index set DE. For each fixed i, we can apply the law of
total probability to the final sum in (117), which leads to,
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_k/zzmaprTILTlx )=n k/QZmaxp (i,y)

yeZk
IED” x€Zk 1€D"

< ckn—k/Q
1EZD”j1_‘[1 V

—dt
Akjl:ll Vi —tj—1

< HPTILT L, X HL2( 0,1]% xRK) (118)

Where the first inequality follows Remark 3, the second follows from an ap-
proximation of the sum to the Riemann integral and the last inequalities follow
from the Drichlet type intergral in Subsection E.4. The constant c is a constant
which changes line by line. Taking the supremum over in n in (118), we can
produce the uniform bound that is needed for (116)

sup

k/2 TILT
/2
neN

1,x)‘

< Ck ||pTILT

119
L2([0,1]k xRk) — ( )

HL2 ([0,1]% xRF) °

justifying the application of the dominated convergence theorem in (115). For
the term (114), an application of the Triangle inequality shows that

0o 2
Z 2k/252kn73k/2sg (pEILT (’L, m))
k=n+1

L2 (F,9,Q)

< Z H2k/2ﬂ2kn73k/252 (pEILT(Z-,w))‘

2

k=n+1 LAF2Q)
2
o0 .
_ —Trar [t X .
< Z ok gk, —3k/4 Z Z prILT (n, \/ﬁ> Liiom w(i, )
k=n+1 i€EEE xeZk L2(F,Q,Q)

(120)

To bound (120), we consider the covariance structure for ky # ko, and i € EY,,
xeZkh i e Ep,x€ 72 We note that

Q Hw(ijl7wjl)7nw(ij27wj2) =0 (121)



since there is at least one w which is distinct from the rest, and the independence
of each w(i,z) implies that (121) must equal zero when k; # k. However if
]411 = k‘Q, then

k1
1w, [Twin )| = Lmi xmx (122)
j=1

Consequently, returning to (120), we can calculate the norm in this case and
this produces,

5 sy s ¥ (7 ;ﬁ) ) -

k=n+1 i€ Ek zeZk

< ok g2k, —3k/2 / TILT( 2 0z d 124

<y ey S L P
k=n+1 iCEk meZk

< Z ok g2k, ~3k/2 Z Z / TILT( dzdy (125)
k=n-+1 [n] meZk |

- 2

= 2k52k/ / (pi" M (y, 2))" dz dy (126)
jS— [0,1]% JRF

_ - k p2k ||, TILT [|2

- Z 2°p Hpk HL2([071]1¢><R1¢)~ (127)
k=n+1

where from (123) to (124) we have used the definition of (92) plus and applica-
tion of Jensen’s inequality. To go from line (124) to (125) we have use the set
containment NOTE: this seems wrong

{ie B} C{ie [} (128)

To justify (125) to (126) recall that from that our rectangles are dependent
on both x and i, along with recalling that the size of each rectangle is 2¥n~2

which provides a Riemann approximation of the sum to the intergral. Therefore
we have a L%(F,Q,Q) to L?([0,1]* x R¥) bound for (114) which is given by

o0

o AL A,
L2(F,0,Q)  k=ntl

Z Qk/Qﬁkn_3k/4sg (pEILT(’i,w))

k=n-+1

(129)

ILT |2
[

In Subsection E.4 we show that ||p}} (0]F xRBF) = 1/28T (%) +1). There-

fore taking the limit as n — oo shows that the term in (129) tends to zero.
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Since both (113) and (114) tend to zero as we take n — oo, the difference term
(144) also goes to zero and hence we get the required result.

Perturbation Of The Random Environment We are now able to prove
convergence in law of ZI'WT(3) by considering a change in environment.

Theorem 4.6. Assume that there exists a 8 > 0 such that
A(B) :=1log Q(e’¥) < . (130)

NOTE: notation here doesnt take into account scaling of h Then the renor-
malised partition function

e—n,\(ﬁn*”‘*)ZEILT(Bn—l/z;) (131)

converges in distribution to Zﬂﬁ 5, as defined in Theorem 2.1.

Proof. Set B3, := Bn~'/%. Define a new environment & by

ePrw@2)=ABn) — 1 4 B,.G (i, ). (132)
This allows us to write

6_7L)\(’8"’)ZEILT(BH_1/4) — P}:HLT [

—

Il
-

eﬁnw(ivsi)_A(Bn)‘|

2

— pIuT [

=F

I
-

(1 + Bai(i, Si»] = 3 (@, B).
(133)

Y2

We have introduced the notation 3TT (&, 8) to clarify the change in environ-
ment. One can check that the right-hand side of (256) has expectation one, and
consequently Q[@(i, z)] = 0. The variance computation follows from a standard
second moment computation; see | |. Defining A2 (58,) := A(28,) —2A(Bn),

one obtains A\y(f5,) = @ + O(B3), which implies Q[0?(i,z)] = 1+ O(B,).

The conditions in Theorem 4.4 can be easily checked and hence as a result,

n

oo
_ " - d
S B SE (T D Y B /[ . [ o0 Wt dx) = Zi
k=0 k=0 0,1* /R

(134)

as n — 0o. Given that the environment has variance 1+ O(f,,), then condition
(100) can be readily checked and implies that
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S 22 gtk (S (pinir@)son) = i (n/2pFHT (6, )00 ) )
k=0

L2(F,Q,Q)
(135)

goes to zero, which follows from an application of the same inequalities given in
Theorem 4.5. Furthermore, the term

D 2B TS (o} (6, ;8(4, @) (136)

k=n-+1

L2 (F,9,Q)

also goes to zero as n — oo for the same reasons also given in Theorem 4.5 and
Remark 3. O

The Point-to-Line Partition Function In this section, we will prove the
convergence of the modified tilted point-to-point partition function

13EILT (.’L‘, B ETIL

H 1+ Buwis,) 11{5,1_1}] (137)

The proof of the point-to-line case is much the same as the proof of the modified
tilted partition function given in Theorem 4.5, with some key differences. Since
we are fixing the endpoint under diffusive scaling, we need to introduce the
analogue of (105). Define pglgz on [0,1]% x R* by

pglla:LZ(t X) P(th €dzxq,... ,th € dxy | X, € dm) ]1{[nt-|€D§L}' (138)

NOTE: Do you exactly know what this means Roan? This allows us to write
the analogous U-statistic and proceed with the proof of Theorem 4.5. To up-
grade our full result to Z T (z, 8), we will use the same change in environment
given in (131) and provide estimates so that the analogues of Theorem 4.4 re-
main satisfied. We can also describe the limiting density of (138), whose k-fold
transition probabilities are given by

TILT TILT
TILT p (L=t x —xp) pp - (£,%)
pTILT (¢ x) = (139)
k| pTIET (1, 2)
One can also check that the random variable
X = wet (pE‘IxLT) (140)
k=0
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is a well-defined element of the Fock space. Indeed, by a calculation very similar
o (89), we obtain

k—1 2

TILT (¢ 2 1 e %
P dx dt = / dt. (141
Ak /Rk klz Ap 11;[1 ti — ti—l\/l — tk pTILT(l,x) ( )

where the factor of e=*" comes from completing the square in the exponential
in the last spatial integral. One can check that (141) is a Dirichlet integral, and
in Subsection E.4, we show integrals of this form can be written as the ratio of
gamma functions, whose ratios decay superexponentially. In the same spirit of
(108) we can write

k

3. (B, @) Z/Bk S T @l )™ G = i1, 5 — 25-1)

k=0 ieDyp xezk \j=1

= > 20k s (1R )
k=0

_ Zn:zkﬂﬂk n73k/4sn< k/2pT‘IxL£(l x)) (142)
k=0

Applying Theorem 4.3, we obtain convergence of finite-dimensional distribu-
tions: for all 5 > 0,

fos sty (i) 2 Lo ot

/ P (6 y) W (dt, dy) o .
k=0 0,1]*

(143)

As in the proof of Theorem 4.5 , we would like to estimate the L? difference
between The difference between (142) and the RHS of (143) is given by

i2k/26kn—3k/4sn( k/2pT|I$L£ i w) sz/zﬁk —3k/4Sn( TILT(,L :c))

L2(Q,F,Q)
(144)
S 2 2gkn A i (b2l (i, ) ) — S (T G w)) |
k=0 L2(Q,F,Q)
(145)
S o2ghn-sk/ign ( k2pIIT m)) (146)
k=n-+1

L2 (Q,F,Q)

For (146), we can repeat the calculations given in the proof of Theorem 4.5 (see
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the lines starting just above (120) through line (129)) to conclude that

[eS) o)
k/2 pk, —3k/4 k/2, TILT k ok TILT||2
Z 2 / ﬁ n / SZ:L\ ( / pk:\z n(7’ SU)) < Z 2 ﬁ Hpk: HLZ([O,I]’VX]R’C) .
k=n-+1 Lz(ﬂ,}',Q) k=n-+1

(147)

which, by (141), decays uniformly in x as n — co. For term (146), an application
of the triangle inequality plus the use of the estimates in Theorem 4.2 produces
the bound

oo

Z 2k/25kn73k/452| ( k/2 T|ILT(,L w))

k=n-+1

<22’c/2/3kaE|%Z 2) — "I )|

L2(Q,F,Q)

(148)

L2([0,1]k xRF)

NOTE: you should probably do this calculation. One can provide uniform
bounds on nk/QP,;ﬁ;LT in analogy with lines (116) and (118), and an application

of the dominated convergence theorem plus Theorem A.1 shows that (148) goes
to zero as n — oo. We can upgrade our results to convergence of the full
partition function ZI''T(z.3) following the change in environment given by
(255) and an application of Theorem 4.4.

The Five-Parameter Process We are now in a position to prove the con-
vergence of the five-parameter process 3T'LT (s, y; 2, ¢, 3). As before, we define
pg‘l(m;} n) O [0, 1]* x R¥ by

pal(m; o) (£, %) = n*?P(X,, €dxy,..., Xy, € duy| Xy € dz, X, € dy) L¢rnt1eDky-
(149)

These kernels are space-time shifts of the kernels
n*PP(Xy, € dry, ..., Xy, € dug| Xy € dz) L pe1epry-
Since the underlying simple random walk is shift-invariant, the shifted kernel

has the same law as pk‘(s yiwn)? with a shifted environment. Using the Markov

property, one checks that the distribution is shift-invariant (see | ]). Hence
we obtain the following equality in distribution:

VO ST (o, i, tn, ) L VST (0,0 (@ - g) i (e - ), o)
(150)

Hence, the convergence of finite-dimensional distributions follows from Section 4.

29



Identification of the Chaos Expansion and the PAM with Drift. The
chaos expansion presented in 7?7 can be identified as the unique solution to
the Parabolic Anderson Model (PAM) with drift by extending the framework
of | ]. As defined in (86), the kernel pT''T corresponds to the transition
probabilities of a Brownian motion with a constant drift parameter h. Since
the Lebesgue measure is translation-invariant, the L? norm of the drifted kernel
p™T is identical to that of the standard heat kernel, and thus remains finite
(see e.g., [? ]). Consequently, the integrability conditions required for the con-
vergence of the Wiener chaos series and the pathwise uniqueness of the solution
are satisfied. It follows from [ , Theorem 2.2 (ii)] that this expansion is the
unique solution to the PAM with drift if the condition is checked in ?7. We
need to check that

sup sup/ / / / TIT (4 _ 5.0 —y)? pT T (s — ',y —3/)? E[Zm(y’)ﬂ dy' dy ds’ ds < oc.
te(0,T] z€R
(151)

It follows from the calculation in (??) that
E|2,30(0,5)2] < CB) pul, 1y ). (152)

Consequently, using the semigroup property of the shifted heat kernels, we ob-
tain

t S
/ / //pTILT(t—S,x—y)2 pTILT(S—8/7y—y/)2E Z\/ﬁﬁ(yl,sl)2 dy'dyds'ds
o Jo JrJr
t S
SC(ﬁ)/ / //pTILT(t—s,x—y)QpTILT(s—8'7y—y’)zph(y’,S’)dy’dde’ds

o Jo JrJr

t S 2 1
o [
o Jo Vi—s

The final expression can be identified as a Dirichlet-type integral, see Subsec-
tion E.4, and one can check that

! ds' ds. (153)
S/

/ [ v v i s

taking the supremum over space and time over the compact interval (0,7 pro-
duces the result.

Going to the SPDE in h and ¢t NOTE: This is most likely going to be
informal at this stage.



Let W (t, h) denote space-time white noise on R x R, and consider the following
SPDE:

1
2¢2

Ol (1, 1) + - " onU (8, h) + H%U(t, Wt R).  (155)

QU (t,h) =

Here hy is the original drift parameter. The deterministic part of (155) (i.e. the
B = 0 case) is the Fokker—Planck operator for a Brownian bridge pinned to hg
at time ¢, with diffusion coefficient 1/(2t?) and bridge drift (hg — h)/t.

One can check formally that, under Dirac initial data U(tg,:) = 0p,(-) at time
to > 0, the mild (Duhamel) formulation of (155) is

t

1 —
(1) = Kigto.hoit. 1)+ 5 [ [ Ko (s,m58,0) <375 Uls.n) W (s, i,
tg /R
(156)

where the Green’s function of the deterministic part is

IS

2(t — s)

Kho (57777t, h) =

__t
\2m(t — s)
Equivalently, the expression inside the exponential simplifies as
2
t2 (h—%n—ho (1—;)) = (th—s77—h0(t—s))27 (158)

which makes the connection to the original spatial kernel transparent.

Iterating the mild solution (166) gives the formal Wiener chaos expansion

U(t7 h) = Kho (t()a h()a t7 h)

oo k-1
1
+Zﬂk/ Kny(to, hoss1,m) [ | 73 Ko (86,155 Si15 Mit1)
1 A (to,t) JRF i=1 L5
1 — _
X 1—/2[(% (Sk, Mi; t, h) W(dsy,dny) - - - W (dsg, dng), (159)
Sk

where
Ak(to,t) = {(81,...,5k) g <851 < < < t}.

We start from the usual spatial mild formulation of the stochastic heat equation
with drift:

t
Z(t,5) = pny (to, 703, 7) + B / / pho (5,931, 2) Z(5,y) W(ds, dy),  (160)
to JR

where

. f;ex 7(x—y—h0(t*5))2
pho(svy7t7x) - 27T(t—8) p{ 2(t—s) }
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We now introduce the slope coordinate

Accordingly, define the slope-coordinate field
U(t, h) =t Z(t, th). (161)
The factor t appears because the change of variables x = th gives
dx = tdh.

Thus U(t, h) is the density-normalized version of Z(t,z) in the h-coordinate.
Multiplying (160) by ¢ and setting « = th, we obtain

U(t,h) =t pp,(to, xo;t, th)
t
8 [ [ tony (ot t0)2(5,) Wids,dy). (162)
to /R

Now set
Yy = sn.
Then the drifted heat kernel becomes

Kho (87 m; t7 h) = tpho (57 ST)3 ta th)

t (th—sn—ho(t—s))2
T arli—s) Y {_ 2(t — ) } - 6
Equivalently,
2(h— 5y _ _ 5))2
Kho(s?n;t?h) = mexp{_t (h t;](t _h(;)(l t)) } : (164)

Next observe that, by the definition of U,

Uls,n) = s Z(s, sn).
Hence 1

Z(S7 577) = EU(S7 7])

Also, since y = sn, we have
dy = sdn.

Space-time white noise transforms according to the square-root of the Jacobian.
Therefore, o
W (ds,dy) = W (ds, s dn) = s*/> W (ds, dn),

where W denotes space-time white noise in the (s,7)-coordinates.
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Substituting these identities into (162), we get

U(t,h) = Kpy(to, host, h)
+6/ /Kho s, 1t h U(s,n)s"> W (ds, dn). (165)
Therefore

t
1 J—
Ut ) = K to, st ) 5 [ | K (st ) 750 s,m) W, .
tog /R
(166)

Thus the factor s~'/2 is not inserted by hand. It comes from combining

1
Z(S7 577) = gU(S, 77)
with the white-noise scaling
W (ds,sdn) = s*/>W(ds, dn).

In other words,

1
“xs?=s
s

-1/2

Tterating (166) gives the formal Wiener chaos expansion

U(t,h) = Ky, (to, ho;t, h)

+Zﬁk/ Kho(thhO;sl,nl)
k=1

Ay (to,t) JRE

x H [ 1/2Kho (Sr 705 Sr41, T 41)

1 _
1/2 Kho(skanlwt h) (dsladnl) : "W<d8kr7d77k)a (167)
Sk

where
Ak(to,t) = {(81,...,8k) g <51 < < s < t}.

Is this an element of the FOck Space? For fixed k, define

k—1

Fi(s,n;t,h) = Kho(tmhmslﬂh) { ;/QKho(siani§5i+1777i+1)} Si/QKho(Skankﬂah)-
1

o
Il

‘We need to check that

Fy. € L*(Ag(to, t) x R¥).
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Using the Gaussian square identity, each squared transition kernel is
bounded, after integrating over the spatial variables, by a factor of
order
(Si—i-l — 51)71/2.
Hence
k k
/ [Fi(s,mit, 1) 2 dn S CF [ [ s [ [ (i1 = s0)71/2,
Rk . .
i=1 =0
where sg =ty and si+; =t. Since ty > 0 and s; < ¢, we have

k
Hsi <tk
=1

Therefore
k

1ERNZ2 (ot xRy thk/ [T(sis1 — s~/ ds.
A (tost) ;g

The simplex integral is finite and is given by

b e T(1/2)k+1

Si4+1 — S§ —1/2 S = — [ S —
/Ak(to,t>g( s s s = (o) Ry )

Thus F), € L?(A(to,t) x R¥), and so the k-fold integrand defines a valid
k-th Wiener chaos element.

Deriving the h-chaos expansion from the PAM with drift We now show
how (263) arises from the chaos expansion for the parabolic Anderson model
(PAM) with drift via a change of variables. Recall the drifted five-parameter
kernel

2
1 (z—y—ho(t —s))
TILT (4. 4. _ _ ‘ 1
Pho (T 5:Y:5) 27(t — s) P < 2(t — s) (168)
Consider the change of variables
x = th, y = sn. (169)
Substituting (169) into (168) gives
2
1 (th — sn — ho(t — s))
TILT
th,t; = —
Pro” (t151) mexl)( 20t =)
2
1 t2 (h—np—ho(1 -2
_ exp { — ( il 0( t))
V27 (t — s) 2(t —s)
1
= gKho(svn;tvh)‘ (170)
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Hence pEjLT = % K}, under the substitution (169). When applying this change
of variables to a spatial integral, each [ dz becomes ¢ [ dh and each [ dy becomes
s [ dn, producing Jacobian factors of ¢ and s respectively. In the PAM chaos

expansion a generic k-th order term contains k spatial integrations f dy; =

Si f dn; and uses the kernel relation pEOILT = Si K}, at each intermediate time

s;. These two contributions combine as s; X Si = 1 at every interior vertex,

except that the noise coeflicient in the original PAM carries an additional factor

which, after substitution, leaves a si_l/ 2

1/

weight at each integration point. This

is precisely the factor s; 2 appearing in (263).

Lemma 4.7 (Tilted local limit theorem in slope variables). Let 0 < s <t < T,
and let n,h € R. Set

in = [nt], Jn = |ns].
Suppose that under IP’;{;’I;IT the random walk has drift chosen so that, under dif-

fusive scaling,
S\nr)

vn

Then, uniformly for (s,n;t,h) in compact subsets of

= B, + hor.

{0<s<t<T, n,heR},

we have
VP (S, = S;, = [V (th—sn)]) — ppa " (t — 5,th — sn),
where : » ))2
1 x— ho(t—s
TILT t—5,%) = —————eX (_0> .
P ) 27 (t — s) P 2(t — s)
FEquivalently,
1
\/EPV}{‘OI,L’;’LT (Sin - Sjn = L\/ﬁ (th’ - 577>J) — ;Kho (5777§t7h)7
where
Kho (3,77§t, h) = tp;leLT(t - S,th - S’I])
That is,
‘ 2 (1= 30— ho (1 3))°
K S, 7t7h = —F/—¢€X — i t .
mols 00 = o= p{ 20 —s)

The centred change of variables An alternative substitution,
removes hg from the kernel entirely. Indeed,

x—y—ho(t—s)=t(h+ ho) — s(n+ ho) — ho(t —s) =th — sn, (172)
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so that

th — sn)?
Py (t(h 4 ho), t; 5(n + ho), s) = exp <_(S77)>

1
27 (t —s) 2(t—s)
IR S B U D))
B Qﬂ(t—s)ep{ 2(t = s) } (172)

This is the drift-free (ho = 0) version of the h-kernel. Thus the substitution (169)
retains the ho-dependence in the kernel, while the centred substitution (171)
absorbs it into the coordinate shift and yields a kernel with no explicit hg.

5 Convergence Of The Finite Dimensional Dis-
tributions For The Velocity Partition Func-
tion

The Underlying Discrete Diffusion We now introduce the discrete pro-
cess which underlies the velocity partition function. Consider a SRW S; with
incriments &; which are Bernoulli random varible with mean zero and variance
one. Set

Si
Vvt

We will use the notation H['(x) to denote that the position of the SRW S;
is at postion z. This change of variables turns the random walk into a time-
inhomogeneous Markov chain. An important feature of this transformation is
that the spatial discretisation is no longer uniform. Indeed, the lattice spacing
at time ¢; is given by

) Hzn:h()—"_

(3
ti = — 174
. (174)

1
Vnt;

so the mesh becomes progressively finer as time evolves. This is in contrast
to the classical Donsker scaling, where the spatial mesh is uniformly of order
n~1/2. This time-dependent geometry is a distinguishing feature of the velocity
coordinates and is ultimately responsible for the time-dependent coefficients
appearing in both the limiting diffusion. Writing S; 11 = S; + &;+1, we obtain

Si +&it1 Si
H" . — H" = _
i+1 i \/’Eti+1 \/’ﬁti
H—h f _
i L \5/%; +o(n7h). (176)

Ah; :=H!'(z) - H'(z+1) =

(175)
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NOTE: ijust did this computation and it is longer, and needs more to explain.
Therefore, conditionally on H},

ho — H?
E[HY, — H{' | H}'] = % +o(n™t), (177)
K3
1
Var(Hy — B | HY) = o 4 o(n ™). (178)

Thus H" is an approximation to the diffusion

- H 1
stz%der;st,

whose time-dependent generator is

ho — h
0 "o,

1
Ls=—
252 Onn +

Let pf(i,x; 4, 2) denote the transition probabilities of the discrete transformed
reference walk H(™. For i = (i1,...,i) € D} (recall the definition of D} from
(28)) and x = (w1, ...,7x) € Z*, define the discrete k-point bridge kernel by

CH e _ pH (o, o i1, x1)pE (iv, w1yi0, 22) - - pH (i, s g1, Thgr)
pk,n(l,xvtah’) - H g )
D (20,$072k+1,$k+1)
(179)

where ig = |nto], and g = 0, ix+1 = |[nt], xXk+1 = [Vnt(h — ho)] . Recall from
(157) the definition of the kernel

t (th — sn — ho(t — s))°
K, (s,m;t,h) = ———=exp — . 180
ho( n ) 27T(t—8) { 2(t—8> ( )
For each 1, set
’i(t — to) x
n w=lot ooy
The corresponding continuum k-point bridge density is
~H; K 4 ) h ; ) K ) ; ) < K ) ; ta h
PkH’t’h(I‘,y) — hu( 0, 70571 yl) ho(rl Y1;72 y2) ho (Tk Yk )7 (181)

K, (to, host, h)

where
r:(rlv"'7rk)€Ak(t0at)7 y:(yla'“ayk)eRk'

with Ag(to,t) = {(r1,...,r%) : to < r1 < .-+ < 1 < t} denotes the time
simplex. In particular, when evaluated at the lattice points

Ty = tij7 Y = hij,wja ]: 1, . .,k‘, (182)
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we obtain

k
H]:O Kh() (tija hij,ﬂCj ; tij+1 ) hij+1,.’l}j+1)
K, (to, hos t, h) 7
(183)

~H;t,h ~Ht,h _
P’ = Py (tiuhihww"'vtik’hikﬂik) =

Recall from (73) the definition of the k-fold Wiener integral W®*(g(r,y)) for
a function ¢(r,y) € L[0 1k o With r = (7 ) and y = (y1---yx) (recall
(182)) . We can now show that the random variable

X =3 WG (r,y) (184)
k=0

is a well defined elements of the Fock Space as descibed in (75). Let us tem-
porarily use the notation,

ro = to, Yo = ho, Tkt1 = t, Y1 = h.

Since Kp, (to, ho;t, h) > 0, the bound we are interested is

dy dr.
(185)

HAH th‘
L2(Ak(to,t) XRF),

k
/ [0 Kno (75,953 741, Yj+1)°
Ax(to.t) (K, (to, host, h))?

Integration over R* produces the bound

H] —0 Kno (15, 453741, Y1) k 1 k
) 9 ) N—1/2 )
Tig1—T T 186
/]Rk (Kho(thh(ht,h)) 1;[ i J) ]1;[1 ’ ( )
where we notice that the factor r,41 = t cancels against the normalizing kernel
Kp, (to, ho; t, h) in the denominator, leaving only H§:1 rj. Then integrating over
the simplex Ag(tg,t) we achieve the bound

k

— . (187
L2(Ap (to,t) xRF) — /A H Tt =75 H dr )

k(to,t) j—0 §=0

HAH th’

Since tg < r; <t for each 1 < j < k, we have H§:1 r; < t* . which is absorbed
into the constant C* (redefining C' if necessary). The last integral is a Dirichlet
integral:

r —r VY20 = (t — c—1)/2 F(1/2)k+1 c*
/Ak tO,ijo e =) = (= )0 T((k+ 1/2) = Th/2+ 1)

(188)

where the final convergence follows from Stirling’s formula and the summability
of the last expression in (188). To see the final inequality, recall the Stirling-type
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asymptotic I'(z + 1)/T'(z) ~ \/x as  — oo; applying this with z = k/2 shows

I(k/2+1)/T((k+ 1)/2) O(Vk), which is in particular O(C*) for any C > 1,
giving (188) for a (possibly enlarged) constant C = C(tg,t, ho, h), and since
['(k/2 + 1) grows super-exponentially in k while C* grows only exponentially,
we get

0, (189)

Z’Ach’

k>0

L2(Ag(to,t)xRF)

which is precisely the condition needed for X in (184) to be a well-defined
element of the Fock space (75); see (E.4) for on the Dirichlet style integrals.
Recall from (180) that for each i , set

;= —, R

n ® = 0 \/ﬁtl

To each lattice point (i,2) we associate the rectangle

-1 z+1
REN — (1, 4, ho+ ——— ho + ) 190
i, [ 1 ) 0 \/Ntl 0 \/Ntl ( )

The size of each rectangle is given by

2
H,N| _

Note that we obtain the bounds
1 1

Nozg = | \ < Ny (192)
and hence the rectangles have size of order comparable to n=3/2. Let ¢ €
L2([t0 t] x R)¥). For distinct lattice points (i1, 21),..., (ix, zx) and a rectangle
Rl z;» define

35
. , 1
djn((zl,xl)v“'a(zkal'k)) = TSHn Y(r,y)drdy. (193)
|R1J:mj| Zﬁ,:j
where
I':(T‘l,...,’l"k)EAk(tO,t), y:(yla7yk)€Rk (194)

Recalling that in intermediate disorder we set £, = fn~/%; define the k-th
discrete U-statistic associated with v by

=Bn > > allin, 1), (ix, 2x))

i€D} yezk j=1

E?r

w(ij, z;). (195)
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This allows us to construct the following U-statistic

k
St (D) = 32 30 B (G Gins ) [T (o))

ieD} xezk j=1

(196)
where we use the notation
. 1
PkH;h((h,m) (Zkaxk)) = E A . pfth(r,y) drdy.
H] 1 ‘ zJ,:vJ| ?:1 Rijﬁ,nj

(197)

Proposition 5.1 (Fixed-chaos convergence). Let k > 1 be fized. Assume that
~H;t,h

Py 1s sufficiently reqular and square-integrable. Then
¥ k
n3/ASH AchHt_1 (@, / / St (r ) H 12 | 7 (dr, dy),
’ Ak to, RF j=1
(198)
where W (dr, dy) = ®§:1W(drj,dyj) is space-time white noise.
Proof. This proof is essential contained in [ ][Theorem 4.3], however the

choice the rectangles RZIJ{" means that certain steps need to be modified.

sTj
Step 1. We first prove the claim in the case k = 1 and for an indicator function
9(r,y) = 1a(r,y) where

A = (a,b] x (¢,d] C [to,t] X R, (199)

Recall from (??) the definitions of ¢; and h;, above. Then taking g = g(r,y)
and k=1, the relevant U-statistic becomes

_3/48H (gt =n"3/4 Z Z t7tw(i, x). (200)

ira<ti<bz:c<h; ,<d

Since the environment w(i, z) is i.i.d, we mean zero and variance one, then the
variance of (200) is be given by

Var (n73/48f{n(g ti_l)) =n3/2 Z Z t2. (201)

ira<t;<bux: C<h7‘,7_.,:§d

For fixed 4, the condition ¢ < h; , < d is equivalent to

Vnti(c—ho) <z < +/nti(d— ho). (202)
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It follows that

Var(n*3/43{{n(gt;1)):n*3/2 S 2 (Vat(d-¢)+0(1)  (203)

ira<t; <b

=(d-cn" Dt +o(1). (204)

ira<t;<b

Since t; = i/n, a standard Riemann-sum approximation gives

b
nt Z ti_l—>/ rtdr. (205)

i:a<t;<b

Consequently,
b
Var (n*3/48f’1n(g t;l)) — (d— c)/ rLdr. (206)

Therefore, by the central limit theorem,

b
n73/4$fn(gti_1) 9@, N <O,d - c/ Pt dr) . (207)

However calculating the corresponding RHS for (198) with g(r,y) = 1a(r,y) we

obtain that
b pd o b pd
Var //r‘l/QW(dndy) ://r_ldydr (208)
a c a c

—(d—0) / " (209)

It follows that the limiting Gaussian random variable in (207) has the same
mean and covariance as the Wiener integral

b rd o
/ / r1/2 W (dr,dy).
a (&

Since both random variables are centred Gaussian, they have the same distri-
bution. Therefore,

b pd
n_3/4an(gt;1) ﬂ>/ / rYV2W (dr, dy). (210)
This proves the k = 1 convergence for indicator functions.

Step 2. We keep £ = 1. Let Ay,..., A, be disjoint rectangles of the form
considered in Step 1, and let

gg:]_AL;, lgégm
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Since the environment {w(i, x)}; , is i.i.d., and since the rectangles A;,..., A,
are disjoint, the corresponding U-statistics an (g1t; 1) are asymptotically inde-
pendent. Hence, by Step 1, we have the joint convergence
d
(S (it - SH (gt 1)) D (211)
(/ r_1/2W(dr, dy),. .. ,/ r~Y2W (dr, dy))
A Am

NOTE: Cannot fix overfill

Further for any as, ..., a,, € R, an application of the Cramér—Wold device gives

n_3/48f71n ((Z aegg) ti1> @, Zag/ rYV2W (dr, dy) (212)
(=1 (=1 Ay
- / (Z algf(ra y)) T_1/2 W(d?’, dy) (213)
Ay

{=1

Thus the convergence holds for simple functions supported on finite unions of
such rectangles outlined at the begining of the step.

Step 3. We now complete the proof for £ = 1 by a density argument. Choose
a sequence of simple functions gy such that

gy — g in L*([to,t] x R). (214)

By Step 2, for each fixed N,
7173/48{{” (gNti_l) @), /gN(r, y)r V2 W (dr, dy). (215)
Furthermore, by the L?([tg,t] x R -estimate in (96),we obtain that
EU n31SI (g — gn)t ) ﬂ — 0. (216)
Similarly, by the Ito isometry,

E

] [ta= w2 Wiar, )

2
] = (g = gm)r 213 e u.yxmy  (217)

<ty lg — gn lI72 (1t xm) — 0 (218)

Therefore, by the standard approximation theorem for convergence in distribu-
tion, see | , Theorem 4.2]:

n_3/4an (gt;l) ﬂ /g(r, y)r_1/2 W (dr,dy). (219)
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This completes the proof for k = 1.

Step 4. We now extend the argument to fixed £ > 1. It is enough to first
consider product functions of the form

k
H (riy ;) (220)

where each g; € L?([to,t] x R). Finite linear combinations of such product
functions are dense in L2(([to,t] x R)¥).

For functions of the form (220), the k-fold U-statistic factorises, up to the re-
striction to distinct lattice points, into products of the k = 1 sums. Therefore
the k = 1 convergence from Steps 1-3 gives

k
n—3k/48H H

k
-1/2
g(r,y) W (dr;,dy
Lm@ U 52dy;))

Finally, by the density of finite linear combinations of product functions, To-
gether with the corresponding discrete L?-estimate and the It6 isometry, the
convergence extends to every g € L?(([to,t] x R)¥). O

(221)

We now state how the discrete chaos expansion converges to the continuum
chaos expansion.

Theorem 5.2. For any g = (9o, 91,---) € @peg Lym ([to, t]F X R¥) | we have,

as n — 0o,
o) k
D ot —to)F 2SS g, ) T 5"
k=0 j=1

o) k
d
&2/ /MWnlﬂmwm (222)
k=0 A}C(to,t) RF j=1

Proof. Recall the isometry from (80), in our present case we have that that the
restricted time domain and hence have the following isometry.

. @Lbym [to, 1]* x R¥) — L2(Q) (223)

is an isometry, we temporarily write

k

Ik Akch / / HHN (. H ~1/237 W (dr;, dy,). (224)
Ak(to f) Rk .

J=1
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Recall from (189) that

ZH,\HHL’

and hence the tail of the sum converge to zero. Hence, by the isometry (223),

M 0o
S () — o () (225)

k=0 k=0

<
L2(Ag(to,t) xRF)

in L?(Q) as M — oo. Furthermore, the discrete L2-estimate (96) can be invoked
as for each j we have the bound ti_jl < tgl, this leads to,

M k 0 k
- ~H;t,h — — ~H;t,h -
Zn 3’“/48,5” P t Htijl — Zn 3’“/48,5” P t Htijl (226)
j=1 k=0 j=1

k=0

in L2(Q2), uniformly in n. By Theorem 5.2, for every fixed M,

M k M
- SHt, 1| @ SHt,
Z n 3k/4515n pkH t,h H ti]; D, Z i (pg t h) . (227)
k=0 j=1 k=0
The result now follows from [ , Theorem 4.2]. O

We now consider the modified velocity partition function, which is given by

H 1+ﬂnwn 1))] = 3V81(wn,6) (228)

where we use the notation Et{{h so take the expecation of the underlying SRW
with repsect to the discrete diffusion as outlined in (174). We note that we are
able to write the modified velocity partition function using the following discrete
chaos expansion.

Vl k /\ch .
3ne ZB Z Z Hw Z]a‘rJ pk (ZJ lj—h ‘Tj _zj—l)

k=0 ieDy xezk j=1

,Zﬂk —k/4 Z Z Hw ij,%5) P ch(% Uj-1, Tj — Tj-1)

1€D" xeZk j=1
_ Zﬁkn—Sk/ALSgn (nk/2ﬁf;t,h)
k=0
(229)

From this we have the following theorem.
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Theorem 5.3. Assume that the environment (w(i,))ieN,vez S @.i.d. with
mean zero and variance one. Then, under the intermediate disorder scaling

ﬁn = 5n_1/47

the velocity partition function 3Y1(3) converges in distribution to U(t,h):

3Ve(8) s Ut h). (230)

Here U:= U(t,h) denotes the mild Itd solution of the transformed stochastic
heat equation
—h —1/2771787

onU + pt Uuw, (231)

hg
U 8th +

2t2
with initial condition U(tg,-) = Op, -

Remark 1. We will leave the proof of tightness until Section 9 and prove the
convergence of the finite dimensional distributions of 3V'(3) which converges
in distribution to the formal chaos expansion in (263). We delay the proof of
the identification of this formal chaos expansion with the solution of the SPDE,
this will be given in Section 6.

Proof. By Theorem 5.1, we have

o] k

k, —3k/4 oH ~Ht,h -1
E B*n / Sk,n P Htij
k=1 j=1

k
d) / / ch ~1/2 77
(r,y W(dr;,dy;) ) . (232)
A (to,t) JRF ];[ ( S )

It therefore suffices to show that the difference between the discrete partition
function and the discrete continuum approximation vanishes in L?(Q, F, Q). We
estimate

[e'S) k n

_3k ~H;t,h — —3k ~Hit,h
Zﬁkn 3k/4511:{n o Htijl _Zﬁkn 3k/43’1:{n (nk/ka,n )

k=1 j=1 k=1

L2(Q,F,Q)
(233)

ey, —3k/4

k
st (s L") - st (58|
i=1 12(0.7.,Q)
(234)

o0

k

k. —3k/AcH | ~H;t.h -1

E pn /Sk,n P th‘j
j=1

k=n+1

n (235)

L2(Q,F,Q)
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For the term (234), a further application of the triangle inequality shows that

k
k, —3k/4 | cH ~H;t,h -1 H k/2-H:t,h
" /[sk,n pren [Tt | - st (! )]
j=1

L2(Q,F.Q)
n k
< Zﬂknf?»k/él Sgn ﬁkH;t,h H ti—jl _ Slgn ( Ic/2Aant h)
k=1 j=1 L2(Q,F,Q)
< Zﬂk pit:h H -t — k2 (236)
L2([0,1]* xR¥)

NOTE: do i need to say something that this is zero for larger n where the last
inequality follows from an application of Theorem 4.2. An application of the
local limit theorem in Theorem A.4 tells us that

k
ﬁkH;t’h H t;jl - nk/Qﬁgn —0 pointwise as n — oc. (237)

However before using the local limit theorem, one must justify the application
of the dominated convergence theorem. The bound that we are interested in is
given by

nk/2pH ) 238
EIEIEH Pl 120,175 xR (238)

k/25 p

Using the definition of n we obtain the following set of inequalities

2
/25, s, )|

(239)
L2([0,1]% xR¥)

=" 3 S (B Gxit, b)) Hn3/2t (240)

ieD} xezk
< 2SS B8 G 1) (241)
ic Dy xezk
<cnk/QZ<maxpkn1xth>2pkn1xth) (242)
ieDy xEZk

NOTE: should i keep the dependence on x where c¥ is a constant depending

on tg obtained by bounding the factor of H] 1 % by 2/tk. The first line is

justified by noting that, under the diffusive scahng in the definition of (105)
that produces a factor of n=3%/2 and that the kernel ﬁfjn has already been
averaged over the rectangles and is therefore constant on each such rectangle.
Consequently, the L? norm reduces to a sum over the spatial lattice and the
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index set D¥. For each fixed i, we can apply the law of total probability to the
final sum in (242), which leads to,

nk/? Z (maxp,m i,x;t h> Zpkn i,x;t,h)

ieDy xEZk

=n k2 E max pi, (i,x;t, h)
. xezk
ieDy

§cn_k/2
162172,331_[1\/ -

i 1
YN |
Ak ]1;[1 tj —tj—1
~H /o 2
< FIBE x5t B[ o (0,176 ) (243)

Where the first inequality follows Remark 3, the second follows from an approx-
imation of the sum to the Riemann integral and the last inequalities follow from
the Drichlet type intergral in Subsection E.4. The constant c is still dependent
on tg but changes line by line in the above set of inequalities. Taking the supre-
mum over in 7 in (243), we can produce the uniform bound that is needed for
the application of the local limit theorem.

2

k/2, TILT
SUPH /pkh 1, )‘ 2 " &
neN L2([0,1]* xR )

TILT

< ok ||p HL2 (0.1]F x&H) (244)

justifying the application of the dominated convergence theorem in (237). Now
we are interested in estimating (235).By another application of the triangle
inequality, we obtain

o0
Z Bl —3k/4 ’n AH,t,h H el Slg_{n (nk/gﬁkH;t,h)]
k=n+1 L2(2,7,Q)
o0
< Z Bl —3k/4 Slf{n AH t,h H el Slfn (nk/Qﬁf;t,h) .
k=n+1 L2(2,7,Q)
(245)

By orthogonality of the homogeneous chaos terms, and repeating the arguments
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from (121) to (129), we obtain

9] k
k,_—3k/4acH | ~Hith —1
§ B*n /Sk,n Pk Htij
j=1

k=n+1

2

L2 (Q,F,Q)

2
O Z ,62k AchH —1/2

k=n+1 L2 (A (to,t) XRF)
o0
<C 2t_1 HAH t, h’ .
= Z (5% L2(Ag (to,t) XRF)
k=n-+1

Using the Fock-space summability estimate

oo

2(52’551 HAH t, h’

k=0

< 00,
L2(Ag(to,t)xRF)

it follows that the tail of the series vanishes:

~H
Bgto H ’t’h‘ —0 as n — oo.

L2 (A (to,t) XRF)

k= n+1

By (??) and the tail estimate above, we have

0o B 3]g/4SH <Ach t 1)
kZ:O H )
%Zﬁ/

—0 Ak t() t)

k

/RkAchryH P W dry, dy;).

Jj=1
Moreover, by (7?), as n — oo,

oo

k
k _—3k/4 cH [ ~H;t,h -1
> st iast (7 I ')

k=1 j=1

o i ﬂknfSkMSIICLIn (nk/QﬁkH;t,h)

— 0.
L2(Q,F,Q)

It follows that

3V (8) s Ut h).

(246)

(247)

(248)

(249)

(250)

(251)

Theorem 5.4 (Convergence of the velocity partition function). Assume that

there exists Bo > 0 such that

AB) :=1logQ(e’*) < 0o for all |B| < Bo.
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Set 3, = fn~'/%. Then the renormalised velocity partition function satisfies

COPACIE R MUNGIT A (252)

where U(t, h) is given by the chaos expansion

U(t,h) Zﬁk/ /RkAchry ﬁ( 2y drj,dyj)>. (253)

Ak(to,t)
Equivalently, U(t, h) is the mild Ité solution of

U = %ath w o=l oy g U, (254)
with initial condition U(tg,-) = Op, -
Proof. Set B, := Bn~'/*. Define a new environment &, by

PG =ABe) = 1 4 8,3, (i, ). (255)
Then

=: 3, (@n, B). (256)

We use the notation 3Y°(@,, 3) to denote the dependence on @,. Expanding
the product gives the discrete chaos expansion

3V, ) = 3 B SHASE, (290 ) (257)
k=0

Moreover, the reader can directly check from (255) that, Q[wW, (i, z)] = 0. Writ-
ing

)\2(/871) = )\(Z/Bn) - 2>\(ﬂn)7
we have

X2(Bn) = Br + O(B;),

and hence by a standard second moment computation
Q@ (i, )% = 14 O(By).

After a simple modification of Theorem 4.4, which requires modifying the do-
main from [0,¢] to [tg,t] NOTE: maybe say more, the environment defined in
(255) satisfies the required hypothesis.
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By the fixed-chaos convergence theorem and the L2-tail estimates proved above,

[e's) k
Z Bkn—Sk/élslfn b\f;t7h H t;l; On
k=0 j=1
0o k
9, Zﬁ / / At (e, y) H ( W drj,dyj)) (258)
—0 Ak(to,t) Rk j=1

It remains to compare the kernel n

ﬁkH;t’h Hf 1 b, 1. By the discrete local limit estimate, together with the same

L?-bounds as in Theorem 4.5, mimicking the proof of Theorem 5.1 (lines (236)
o (244)) we obtain

~Hit,h .1 - . . .
k/ ka », with its continuum approximation

n
Zﬁkn73k/4 S;fn< k/QAHnt h, ~ ) Skn AH,f,h Ht_l .

k=0 7j=1 L2(Q.F,Q)
(259)

Furthermore, the corresponding tail estimate (lines gives (245) to (250)) to

oo k
> BnTASE N B ] 4 @ — 0. (260)
k=n+1 j=1

L2(Q,7,Q)
Combining (257), (258), (259), and (260), we obtain

e~ AB) ZVel(g Y = 3Vel(, )
k
, Zﬁk/ t t)/m AR (r y) H( SPwW dr],dy])> (261)

The right-hand side is precisely the chaos expansion of U(¢, h). This completes
the proof. O

6 Uniqueness of the constructed Stochastic Focker-
Plank Equation

In this section we will prove the uniqueness of the solution to the following
SPDE which is given by

0o —h WU (L, h) + %U(t YW (t,h). (262)

1
U(t,h) = ﬁ@th(t, h) +
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We saw from (263) that the solution has a well defined chaos expansion which
is given by

U(t, h) = Kp,(to, hos t, h) + Z»Bk/ Kp, (to, hos s1,m)
k=1 Ak (to,t) JRF

1
X H |: 1/2Kho 87"7777’as7“+1777’r‘+1):| 1/2Kho(sk777k7t h)
W(dsl7 dm) - W(dsg, dng). (263)

where,

(th — sn — ho(t — s)) } ' (264)

4
Kho(svnatvh)%(t_s)exp{ 20— s)

We would like to claim that, upto a modification on null sets, is the unique
solution given by the SPDE (262). To do this we use the methods of | 1,
which produce an appropriately spatially mollified Feynman-Kac formula, which
is then proven to be Cauchy in an appropriate probability space. Before we do
this, we provide the reader with the a reminder on cylindrical wiener process.

Constructing integration against space-time white noise. Let B; be a
cylindrical Wiener process on L?(R,dz); one may realise B; as a distribution-
valued continuous process by taking

Q= 0([0, ). 8'(R)).

where §’(R) is the dual of the Schwartz space S(R). We equip © with the
sigma-algebra F generated by the coordinate maps

w (W), f), =0, feSR). (265)

where the (-,-) pairing on the right-hand side of (266) is the distributional
pairing between S'(R) and S(R). This allows us to create the probability space
(Q,F,W). For w € Q, the value w(t) is a tempered distribution. For f € S(R),
we define B(f)(w) via (265) by

Bi(f)(w) = (w(t), f), (266)
If (ex)k>1 is an orthonormal basis of L?(R), one may write the expression

oo

B =Y Bult)er, (267)

k=1

where (85 (t))x>1 are independent Brownian motions associated to the basis
(ex)k>1. One can check that (267) is not a well-defined object in L?(RR), however
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testing (267) against f in a distributional sense produces
Bi(f)(w) = Br(t,w) (e f)r2m)- (268)
k=1

The sum in (268) has finite second moment as the orthogonality of the 5y in
L?(W); Parseval’s theorem implies that

Ew [Bi(f)*] = tlex, iz = tIfll72m) < oo (269)
k=1

The probability measure W is the Gaussian measure on () uniquely determined
by its covariance structure: for all f, g € S(R),

Ew [Bi(f)Bs(9)] = (¢ A s){f,9) L2 (®)- (270)

In particular, for each fixed f, B:(f) is a Brownian motion with variance
t]| |72 (m)- For the rest of this section, we will assume that f,g € S(R). Let

(€i)i>1 be an orthonormal basis of L?(R). For ¢t > 0, define the filtration
Fo=0(B:(f):0<r<t, feL*R)).

Let (At)e>0 be an L?(R)-valued, (F;)-adapted process satisfying

t
E |:/ ”)‘SH%Q(R) d5:| < 0.
0

Then the It6 integral of A with respect to the cylindrical Wiener process B is
defined by

/O<AS,dBS>=;/O (s, €i) 2 () dBs(es), (271)

where B;g(e;), ¢ > 1, are independent standard Brownian motions.

The Mollified Feynman-Kac Formula for the Focker Plank Equation
We first fix hg € R and let § > 0 and t5 > 0. We consider the SPDE

1 ho —h Ié)
where t € [tg, T]. The deterministic part of this operator is given by
1 ho —h
L= —0 0 273
t = 530+ ———0n (273)

We can consider the associated diffusion (Hj)s>t, to the operator in (273), which
we claim is given by SDE

ho — H, 1
dH, = 2% ds+ -dB,, H, =h, (274)
S S

[¢]
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where (Bjs)s>t, is a standard Brownian motion and By, = 0. Suppose that
f € C?(R) then an application of Ito’s lemma provides

A(F(HL)) = f/(H.) dH, + 3 " (H,) d(H). (275)

Where d(H), is the bracket process of the associated diffusion H
(see [ |, Theorem 4.9). The bracket process d(H)s can be calculated di-
rectly from (274) as the first term is of finite variation, leading to d(H)s = ds/s>.
Substituting dH, from (274) into (275), we obtain

d(f(Hy)) = <f’(Hs)h°8HS + 1f”(HS)) ds + %f’(HS) dB; (276)

252
Comparison of (276) with the operator £; in (273) shows that (H;)ss¢, is the
associated diffusion with the operator £;. Define the sigma algebra o:(H) :=
O’(Hs ttp < s < t). Given a function F which is predictable with respect to
os(H), then we are able to integrate Fy with respect to the diffusion Hs. From
(274) we have that

t t . t
/ F.dH, = / o= ey [ Ep, (277)
to to S

to S

To compute the covariance structure of the diffusion process H, we first remove
the time-dependent drift by introducing the rescaled process Yy := s(Hs — hg).
Using Ito’s rule,

dYy = (Hs — ho)ds + sdH.

Substituting in (274), we obtain

ho — H, 1
dY, = (H, — ho)ds + s < 0 ds + = dBS> (278)
S S

= (H, — ho)ds + (ho — H,) ds + dB,
= dB,.

Therefore writing (278) in intergral form we have
Y, =Y, + B. — By, (279)
Since Y;, = to(h — ho), and recalling that H;, = h we have that
Y, = to(h — ho) + By — By,. (280)
Recalling that Ys := s(Hs — ho) this gives the explicit representation

to(h — ho) n By — By,
S

Hy=ho+

(281)
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We are also interested in the difference process
Zs=H!- H? (282)

where H} and H? are two independent copies of the diffusion Hy. Writing this
in differential notation, we obtain

Zs f

9 .
dZ, = ds + Y= dB, (283)
S

s
where B, is another Brownian motion. Here, we have used the property that
the difference of two independent Brownian motions, scaled by their diffusion
coefficients, results in a new scaled Brownian motion. The bracket process d(z)s

can again be calculated from (283) using that the first term is of finite variation,
leading to d(Z), = 2/s? ds.

We are interested in the well posedness of the equation given in (262). We will
use the outline of | | to guide us through this proof, where will provide the
necessary modifications needed. Our proof will rely on a spatial mollification of
the Feynman—Kac formula, where H; plays the role of the path along which the
noise is sampled.

We are going to be interested in regularized form of the process By which was
introduced in (267). Let h € C(R) such that the [; h(z) = 1 and that
h(x) is even. Now let § > 0, we consider the mollification Ms(x) = dh(dz).
We denote Bf(x) denote the spatially mollified noise field, with covariance
E [Bf(z)B3(y)] = (t A s)Res(x — y), where R.s = My * M.. Equivalently,
its infinitesimal covariance is

Ew [dB:(2)dB2(y)] = Res(w — y) ds, (284)
For an « - Holder continuous function ¢, define
' /
K . —1/2 K
ME(t) = /t 512 4B (py) (285)
0
which is the L2-limit of the adapted Riemann sums
M (1) =5 P [BE (en) = Bl (9)] (286)

where s; = 27" and ¢ = 0,---2" and tg = 59 < §1 < -+ < 8§, = t In partic-
ular, choosing ¢, = H, , we obtain the noise integral along the Feynman-Kac
diffusion path:

M (t) == /t s /2 dBE(H,). (287)

to
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NOTE: I should make a comment to why this is Cauchy NOTE: I need to
talk about the mesh which again can be considered as the L? limit

ME(®) = lim Y s, /2 [Be (HS,)—B;(H&)}. (288)

II]—0 <~ * Sat1 Ao
(2

where || = maxi<;<n |S; — Si—1]-

The covariance structure is obtained directly from the covariance of the Holder-
mollified noise. For two a-Holder continuous functions ¢ and v,

t
1
eatl), = [ SReston— v ds. (259)

Therefore, for two independent copies H' and H? of the diffusion,

t
/ 1
< 1’31, Zz> :/ *R675(H81—H82)d8.
t to S

On the diagonal, where the same path is paired with itself, we get

t
1
(Mpg), = gRe(Hs_Hs)dS:

to

t

ER,{(O) ds. = R.(0)log L (290)

to to

NOTE: reread this section Recall the diffusion process Hy as defined in (274);
we can consider the associated diffusive bridge. The associated diffusive bridge
is the diffusive process defined on the interval [tg,t] such that Hy, = z and
H; = h. At an intermediate time r € (to,t), its one-time marginal density is

K, (to, z;m,y) Kn, (1,95, h)
K, (to, 25, h)

Pyl en(Hy € dy) = dy. (291)

where we recall the definition of K, (¢, z; s,y) from (164). The marignal density
can be written in the alternative form

K, (to, z; 7, y) Kpo (1, y;t, h) dy = Kp, (to, 2; t, h)Pg)z;t)h(HT € dy). (292)

Finally, given a finite Radon measure dU;, on R, we define the finite measure
aplt, = / Ko (to, 2t W)Y, (H, € dy) dUy (2). (203)
R

Here dU,, denotes the initial measure. We say that the solution U(t,-) attains
the initial condition dUy, if

lim/Rf(a?) U(t,z)dx = /Rf(x) dU, (), for every f € C.(R).  (294)

tlto

Throughout the rest of this section we will use that if H; and H, are two
independent copies of the diffusion given in (274), then dP,fjrt1 and dP,ff are two
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independent copies of the measure in (293). We will use the notation EhHi and

EhHi to denote expectation with these corresponding measures. Here Eg’lz;t) h,
denotes expectation with respect to two independent copies of the H-bridge
ending at h at time ¢, with the initial points integrated against the weighted
measure Uy(dz) Kp, (to, z;t, h). Equivalently, for an appropriate functional F,

E}IL{;;E}?:[F(HlvHQ)] = /2 UO(dZ)UO(dZ/> Kho(tovz;tvh)Kho(tovzl;ta h)
R

1 2
X Efgyz;th’Eg’Z/;t’h’ [F(H', H?)]. (295)
From this we cosntruct the following mollified Feynman-Kac representation of
the SPDE given in .

52

Ue(t, h) = Bfl, | Ua(to, Hy) exp {6Mf{(t) — -R.(0)log (;) H (296)

which we will show to be Cauchy in (2, F, W).

Local Times Given any continuous semi-martingale X, for ¢ > 0 and a € R,
then there exists an increasing process, L{(X), called the local time such that

t
X, — a| = | Xo — a + / sign(X, — a)dX, + L(X) (297)
0

where sign(z) = 1 if x > 0 and sign(z) = —1 if z < 0. An alternative definition
is that one can show that

t

1
LX) = lim — | 1(gatre(Xs)d(X, X)s 298
00 = lim 1 [ Taaso (X)d0X.X) (298)
which can be rigorously proved, see | |. NOTE: Appendix?

Constructing a Cauchy Sequence Through Feynman—Kac Formula
We now outline a strategy for proving that the mollified Feynman—Kac given
in (296) converge as ¢ — 0. We aim to show that (U.(¢,h))eso is Cauchy in
L?(W). That is, we want to prove

Ey [\Ua(t, B —Us(t. )| — 0 ase,d— 0. (299)
To do this, we will see that it is enough to compute the mixed moments

Ew [U:(t, h)Us(t, h)]. Under the measure of the mollified noise, it follows from
covariance structure given in (289) under the mollified noise satisfies

Ew [Uo(t, h)Us(t, h)] = B, BT}

t
exp {62/ s_lR&(;(HS1 — HSQ) ds}}, (300)
to
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where R, 5 = pc*ps is the covariance kernel of the two mollified noises. The com-
putation (300) follows from the standard Gaussian exponential identity applied
conditionally on the diffusion paths H', H2. After mollification the stochastic
integrals are linear functionals of the Gaussian noise and hence are jointly Gaus-
sian. The Wick renormalization subtracts the two self-variance terms, leaving
only the covariance which is given by 32 f:ﬂ s R, 5(H! — H2)ds. It therefore
follows that

Ew [(Us(t,h) - Us(t, 0)*| = Eff, B

t
exp {62/ s_lRE,E(H;—HSQ)ds}
to

t
— 2exp {52/ s_le,é(HSl—Hf)ds}

to

¢
+ exp {ﬁg/ 81R575(H;—Hg2)ds}]. (301)

to

In particular, conditionally on H! = n and H2 = 7/, and on the terminal
conditions H} = H? = h, the process Z is the bridge of this difference diffusion
from n — 1’ at time r to 0 at time ¢. Therefore, for any functional F' depending
only on the difference path,

1 2
Efn—n’;tO[F(Z)] = Efn;thE?{,{n’;t,h [F(Hl - HQ)] : (302)
We will also use the corresponding notation dpfn—n’; ¢ 0 to denote the associated

probability measure with the expectation in (302).
The Cauchy property reduces to understanding the limit of
t t t
/ s R. 5(Zs)ds / sT'R. (Z)ds / s 'Rs5(Zs)ds (303)
to to to

as €,0 — 0. Recall the difference process Z; = H! — H2. given in (283), and
the corresponding bracket process calculation s~'ds = £ d(Z),. Hence (303)
becomes

/371R575(Zs)ds:/ SRe5(2,)d(Z)s. (304)

to to 2

Recall the occupational time formula, see | ]. Tt states that that for ¢ > ¢,
then

[¢WM@%=AMWWM%¢%DML (305)
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holds almost surely for every continuous martingale X, and non negative func-
tion ¢(x) on R. Heuristically we would expect that as R.5 — dp as €,0 — 0
and an application of (305) would obtain

t t
/5—138,5(25)d8—>/ 5 4L0(2). (306)
to to 2

However there is a natural issue of defining the measure dL%(Z); further our
use of the current form occupational time formula is unjustified, as our function
@(s, Zs) has two inputs. We address this in the following lemma.

Lemma 6.1. Let w be a partition of the interval [to,t], then the following mod-
ified occuaptional time formula holds.

/RRs,é(z) (/tt gx(5) dLg) dz — /RRa,é(Z) (/tt % dLg) dz. (307)

as the size of the mesh tends to zero. We can consider integration against dLZ
in the standard Riemann-Stietljes sense.

Proof. Consider a partition 7 : tg = sp < 81 < -+ < 8§, = t, and define
Tmax = MaxXi<;<n (8 — $i—1). Applying the standard occupational time formula
which is given in (305), we see that

"\ simq [P 8i—1 » ~
; 9 /Si1 Rs,5(ZS) d<Z>s = Z D) /RREﬁ(Z) (qu‘, - le'_l) dz. (308)

n
i=1

Define the simple function g,(s) := >
rewrite (308) as

1 B 1, s (), then we are able to

R 5(2) </t gx(8) dLg) dz, (309)

to

[ ooy stz iz, = |

to R
where the inner integral on the right is a Riemann—Stieltjes integral against the
map s — LZ, which is justified as this map has finite variation for fixed z, see
[ ]. AS Tmaz — 0, gx(s) = s/2 uniformly on [to,t]. Since R. s is bounded

and (Z)s = 2ds/s?, which has finite total variation on [tg,t], an application of
the dominated convergence

t t
/ 9x(8) Res(Zs) d(Z)y —— / S Res(Z,)d(Z)s  as. (310)
to In|=0 Sy, 2
Again since s — LZ has finite total variation on [to, t] and g-(s) — s/2 uniformly,

t t
/gﬂ(s)dLj — | Zarz (311)
to In|=0 Sy, 2
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To pass the limit of the RHS of (309) inside the dz-integral, note that for every

partition ,
t
[ aatoyar:
to

and the right-hand side of (312) is integrable against R s(z)dz by directly
applying the optional time formula (305) directly with f = R.s on [to,t] ,
which shows [, R 5(2)(L7 — Lf,) dz = f:o R.5(Zs)d{Z)s < oo a.s. Therefore
by considering the by taking 7,4, — 0 the LHS and RHS of (309) shows us

that
t t s
/Re,a(z) (/ 9gr(s) dLi) dz —— | R s(2) (/ dL;) dz.  (313)
R to [7|=0 Jgr to 2

as claimed. 0

<o (1i-13,), (312)

We now use (6.1) to prove the following.

Theorem 6.2. Let p € (1,00) and denote p.; == dPZ, .., . We have the
following convergence in LP(u, ).
t t g
/ s'R.5(Z,)ds — / 5 dL%(2) as €,6 — 0. (314)
to to
Proof. Recall from (304) that
t g ¢
§R5,5(Zs)d<Z>S:/ sT'R. 5(Z)ds (315)
to tO

Therefore by a direct application of (6.1), with 7 being the partition of [tg, ¢],
we have that as the mesh size tends to zero,

S

/t t 335,5(Zs)d<z>s - /R R. 5(2) ( /t t 5 dLg(Z)) dz. (316)

Define
ts
Gi(z) ::/ —dLZ(2).
to 2

Since s — $/2 is continuously differentiable, an application of Ito’s Lemma gives
us

Gi(2) = %Lf(z) - % /t L7(Z) ds. (318)
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Where we have used the fact that the local time is normalized to start from tg,
so that L} (Z) = 0. We now estimate the quantity of interest, by first applying
Minkowski’s integral inequality,

Le(dp? )

r,n—mn ;t,0

< [ Res@ G = GrOloer = (319)

r,n—n,:t,O

/RR&(;(Z) (Gi(2) — G4(0)) d=

Recalling the definition of Z, from (281), which states that

z, 5
iz, = % a5+ V2 i, (320)
S S

we have that Z is the difference of two independent copies of the diffusion
(Hs)s>t,- Using the explicit representation in (281), since 1/s is bounded and
smooth on the interval [to,t], we note that

§Zy = toZy, + V2(Bs — By,). (321)

Thus Z is obtained from Brownian motion by a deterministic space-time trans-
formation. Since s € [to, t] is bounded above and bounded away from zero, this
transformation does not change the relevant local-time integrability estimates.
In particular, the local time of Z satisfies the same type of spatial modulus
and exponential moment estimates as Brownian local time. Therefore, for suf-
ficiently small ¢ > 0, by the exponential local-time estimate used in Lemma 3.2
of | ] holds. Therefore for every p > 1 and every a < 1/2, there exists a
constant Cp o.¢.4, < 00 such that For every p > 1 and every a € (0,1/2), we
have

1G(2) = Ge(O)llpoapz ) < Cpanttol2]™ (322)

rn—n';t,0

Consequently, the modified local time G;(z) in (318) satisfies the same spatial
Holder estimate. Hence, returning to (319), we obtain

| Res @G = GiOller a2 [ Res(e)Cpnnial2l” 2. (323)
R R

rn—mn ;t,0

Recall that

Re,é = Pe * ﬁ(s,
where
1 x ~
P.(x) =P (g) . Ps(z) = Ps(—a).

Since P is compactly supported on [—1, 1], we have

supp(P:) C [—¢,¢], supp(Ps) C [~4, 4.
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Therefore B
supp(Re,5) = supp(P: x Ps) C [—(e + d),e + 4]

Returning to (322), we obtain
/RRE,(;(Z)Cp,a’t,tO |2|¥dz < Cpatt,(e+ ) /R R. 5(2) dz. (324)
Since R, s has total mass one, it follows that
/RRe,a(Z)Cp7a,tvto|z|a dz < Cpatty(e+6)* —0 (325)

ase,d — 0. O
We now provide the appropriate estimates needed for uniform intergrability.

Lemma 6.3. There exist constants ¢ > 0 such that

t
suiEhH;Eﬁ: {exp{c/ 51R575(Zs)d5}} < o0. (326)

he to

Proof. We recall the occupation time formula, derived in (316). Using this, it
follows that

t
]EthE,fI: [exp{c/ 8_1R€’5(ZS)dSH

= Ef, B [e:p {c /R R.s(2) ( /t t g dL;(Z)) dzH . (327)

Using that s <t for s € [to, ], and that dL?(Z) is a nonnegative measure in s,
we obtain

t s t t
[ a2 <5 [ aiz)
to 2 2 to

= - (L(2) - L;,(2)

L (2). (328)

N | o+

where again we are using the convention that Lj (Z) = 0. Using (328) in (327),

we obtain
t
sl [ow {e [ rse) ([ Jari@) oz}
’ ’ R to 2

1 2 t
<ElL Bl [cxp{Z/Rw(z)Lf(Z) dzH. (329)
R
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Since R; s > 0 and fR R. 5(z) dz =1, Jensen’s inequality gives

ct
B B {exp{Q [ Resa)zi(2) dzH
R
t
g/RE’[;(z)EhH,;E,f{: [exp{;Lf(Z)}] dz
R

t
< supEfl, B, [exp {CL§<Z)H : (330)
her 2

It remains to show that, for sufficiently small ¢ > 0,

t
suthH’zE,f: [exp {;Lf(Z)H < 0. (331)
z€R

Again the diffusion process Z is obtained from Brownian motion by a determin-
istic space-time transformation. In particular, its local time satisfies the same
type of exponential moment estimates as Brownian local time as s is bounded
in the interval [to,t]. Therefore, for sufficiently small ¢ > 0, (331) hold, from
the exponential local-time estimate used in Lemma 3.2 of | ]

We are now able to prove that the sequence Ue (¢, h) as constructed in the
mollified Feynman-Kac formula is Cauchy in L?(W), we have that

Ew [(U(t,h) = Us(t,0))*]

t t
:EthEff [exp{ﬂz/ isE,E(ZS)ds}Jrexp {[32/ 51R5,5(Zs)ds}

to to

t
—2exp {52/ s_le’g(Zs)dsH
to
t t
=B, B [(exp {62 / s—lRe,AZs)ds} — exp {62 / s—lRE,5<Zs)ds})
t t
+ (exp {Bz/ SlR(s,g(Zs)ds} — exp {52/ isE,(;(ZS)ds}ﬂ,
to to

(332)

Looking at the expression (332), we can see that a necessary condition to prove
that the sequence U, (t, h) is to prove that

t t
EhH;E,?: {(exp{BQ/ s_lRE’g(Zs)ds} — exp {ﬁ2/ s_lRE,(;(ZS)ds})
to tO

(333)

goes to zero as § — 0 and £ — 0. Consequently we look at
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H' -H?
Eh,t Eh,t [

¢ t
exp {62 / 3_1R€75(Z5) ds} — exp {ﬁQ / s_lRE}(;(ZS) ds} H
to to

¢ t
< exp{ﬂQ/ isE(Zs)ds}Jrexp{Bz/ isag(Zs)ds}
to to L2(Py1 y2)
(334)
t
« || g2 / sV (Ro(Zs) — Res(2.)) ds . (335)
250 LQ(PHI,H2)

By Theorem 6.3, the first factor (334) is bounded uniformly in €, > 0. Fur-
thermore, Theorem 6.2 implies that

as § — 0, followed by ¢ — 0. Consequently, the right-hand side of (334)—(335)
converges to zero, proving the desired convergence.

—0
LQ(PHI,H2)

52/ s " (Re(Zs) — Re5(Z,)) ds

to

We now are in position to prove that the limit of the Cauchy sequence con-
structed is the unique solution of (343); before we state our Theorem, we need
one Lemma.

Lemma 6.4. Let T > to > 0. There exists a constant C = C(to,T) > 0 such
that, for every to <r <t <T and h € R,

/ Kno(ryst,h)? dy < C (t—r) 712 (336)
R
Proof. Recall that
t (th—ry—ho(t—r))2
Kp,(r,y;t,h) = ——=exp< — . 337
o741, B) 2t —r) p{ 2t —r) (337)
Consequently,
t2 (th — ry — ho(t — 1))?
K N 2 = — — .
/]R ho (Ta Y; ta h) dy 27T(t — 7") /]Rexp { o dy (338)

Making the change of variables

u=th—ry—ho(t—r), du = —rdy,
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gives

t2 u?
K . 2 — —
/]R ho (T7 Y; t) h) dy 2’/TT‘(t — 7’) & exp { t—r } du (339)
t2
=— — 4
2r(t —7r) m(t =) (340)
“ (t—r)~1/2 (341)
27 '
Since r > tg and t < T, it follows that
2 T 1/2
K it h)“dy < t—r) /C. 342
/]R ho(r7y7 ) ) y_2ﬁt0( T) ( )
Theorem 6.5. Lett >ty > 0, and consider the formal SPDE
1 o—h B
o U(t,h) = ﬁath(t,h) + opU(t, h) + 1—/2U(t R)W (t,h), (343)

with initial condition U(ty, ) = Op,. Let Kp,(s,m;t,h) denote the transition
density of the diffusion with time-dependent generator

—h
Ly=— Oh,.

Assume limiting field U(t, h) satisfies integrability condition: for every t > to,

sup Sllp/ / Kho T, yvt h)2 _1Kh0(Q7§ar y)2 !
te[to,T] heR to

x E[|U(q,&)[?] dédydgdr < cc. (344)
Then U(t,h) admits the Wiener chaos expansion
U(t7 h) = Kho (th h07 t, h)

+Zﬁk/ K, (to, ho; s1,m)
k=1

Ay (to, t) Rk

X H |: 1/2 Kho 87”7777"787"+1577T+1):|

Sk / Kho (Skunk; tv h) W(dsla d771) o 'W(dskvdnk)7 (345)
where
Ak(to,t) = {(51,...,Sk) g <851 < - < S <t}.

The series in (345) converges in L?>(W). Moreover, U(t,h) is the unique L?-
mild solution of (343) in the class of adapted random-field solutions satisfying
the corresponding second-moment bounds in (344).

64



Proof. We break this into a four-step process for the convenience of the reader.

Step 1: We first work with the mollified equation rather than the SPDE di-
rectly, since the mollified equation is classically well defined. We
then represent the mollified solution at an intermediate time using the
Feynman-Kac formula and show it satisfies the mollified mild solution.

Step 2: We then remove the mollification by taking € — 0 in L?(W)
Step 3: We then show uniquess of the mild solution.

Step 4: We then explain why we can consider the chaos expansion in (345) as
a solution of the SPDE in (343).

Throughout, the diffusion bridge H with generator Ly is taken independent of
the driving noise W (and its mollifications W.). Recall the defintion of the
mollification M (z), which has compact support, total mass one and is even.
We define the spatially mollified space-time white noise by

. (ds, h) = /]R M.(h — ) W (ds, dy). (346)

Then W, is smooth in h and has covariance

E[W.(ds, h)Ws(dt, b')] = 6(s — t) Re 5(h — B) ds dt, (347)

Step 1 Consider the spatially mollified and Wick-renormalised equation

1 ho—h —
OVt 1) = iz U= (1) + " U1, ) + 15Ut TV )
2
— %RE(O)UE(t, h). (348)

Its mild formulation is

U.(t, h):/Uo(dz)Kho(to,z;t,h)
R

t
8 / / Ko (’I“, y; t, h)Ua(’I‘, y)r_l/QWE (’I“, y) dy dr
to JR

2 t
SGRO) [ [ KUy (319)
to JR

NOTE: explain why this is the mild solution

Using the Feynman—Kac representation with initial measure Up(dz), at the in-
termediate point (r,y), we have

Ue(r,y) = /R Uo(dz) Ko (to, 257, )EL; .y [E(r)], (350)
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where we use the temporary notation

E-(r) := exp {BME(t) - %QRE(O) log (t) } . (351)

0

Substituting (350) into the stochastic term in (349) gives
t —
5/ /Kho (roys t, WU, y)r ™2 W e (r,y) dy dr
to JR

t
:6/U0(d2')/ /Kho(t07Z;ray)Kho(T’y;tvh’)
R to JR

H
X Etoyzmy

[E-(r)] r =2 W (1, y) dy dr. (352)

For r € (to,t), the full H-bridge from (to,z) to (t,h) has one-time marginal
density

Ky (to, 237, y) Kno (1,951, h)

P on(H, € dy) =
tO,z,t,h( y) Kho(toaz;tah)

dy. (353)

Which can be alternatively written as
Kho <t07 25T, y)Kho (’I“, Y5 t, h) dy = Kho (t07 z;t, hﬂpt}g,z;t,h(HT € dy) (354)

Moreover, if F,.(H) depends only on the path up to time r, then the Markov
property of the bridge gives

Eff o [ (H) | Hy = y] = Eff

to,z;t, to,2;m,y [FT(H)} . (355)
Since & (r) depends only on the path up to time r, we obtain
EH

to,

zit,h [55(7") | HT = y] = Eg,z;r,y [55(7")] . (356)

Combining (354) and (356), and using that the mollified noise can be evaluated
along the continuous bridge path H, we get

/ K (fo, 257 9) K (o £, WEL . [E2(r)] TWa(r,y) dy
R
= Kpy(to, z;t, h)E{! tn [E(MWe(r,Hy)] (357)

Hence returning to 352 we obtain that
t [—
B/ / Ky (ry g5 t, WU (r,y)r™ P We(r,y) dy dr
to /R

t
~ 3 / Uo(d2) Ky (fo, z: 6, VEH ., { / 126, (1T, (v, H, ) dr | . (358)
R

to
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The same process can be done to the Feynman—Kac representation into for the
renormalization term given in (349) this gives

t
0) / / Ky (ry s t, W)U (r,)r " dy dr
to /R

BQR (0 )/ Uo(d2)Kp, (to, z; t, WEL ., [/t:r_lé’s(r) dr} . (359)

Now observe that, pathwise along the bridge,

4
dr

E.(r) = Br 2. (rW.(r, H,) — 62 R.(0)r~t&(r). (360)

Therefore integrating over r € [to, t] gives us

—1—/ ﬁr_l/ZS We(r,H,)dr

—73()/ =1 (r) dr. (361)

to

Combining (358), (359), and (361), we obtain that the mollified mild solution
n (349) can be written as

t
6/ /Kho(T7y§t7h)Us(T7y)T_1/2W6(Tay) dy dr
to /R

2 t
SR [ [ Kt U dy
to JR

/R Uo(d2) Ky (fo 6. IEX _, , [E-(t) — 1]. (362)
Hence
5/t/Kho(r,y;uh)UE(r,y)r—WWE(ny) dy dr
_@23 / /Kho ryys W)U (ry ) dy dr

—U.(th) - /]R Uo(d=) K, (to, 21, 1). (363)

This is precisely the mild formulation (349).

Step 2 It remains to justify the convergence of the stochastic convolutions.
Set

(I) ( ) KhU (T y’t h’) (T y) 1/27 ‘1>(7‘, y) = Kho('l"7y;t, h)U(T, y)Tﬁl/2.
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Then using (346)
/ / P (r,y)We(r,y) dydr
to JR
- /t /]R (Dc(r, ) * M.) (2) W (dr,dz), (364)

t
=E [ [®(r, )« Mc = (r,)|[ 72 dr- (365)

to

Hence, by the It6 isometry,

d

/t /R [(®=(r,) % ML) (2) — @(r, 2)] W (dr,dz)

We split
Do« M, — D= (P, — D)« M. + (P x M, — D). (366)

Using (366) in (365) that the first term tends to zero because convolution is
a contraction on L?(R) and that in this section we have already proven that
U. = U in L? with the kernel weight K7 r~'. The second term tends to zero
because M. is an approximation of the identity in L? For the second term
in (366): by (??) and Lemma 6.4, ®(r,-) € L*(R) for a.e. r € (to,t), with
|®(r,-)||2, < C(t —r)~Y/2, which is integrable in 7 over (to,t); note we are able
to achieve a uniform bound for the second moment for U(t, h) by considering
the chaos expansion and the second moment bound given in (189). Since M,
is an approximate identity, ||®(r,) * M. — ®(r,-)||rz — 0 for a.e. r as € — 0,
and this quantity is dominated (uniformly in e, using Young’s inequality and
|Mc||zr = 1) by 2||®(r,-)|| L2, which is r-integrable as just shown. Dominated
convergence gives f; | @(r,-) * M. — ®(r,-)||2, dr — 0.

t
/ / Kho (T7y§t7h)Us(T7 y)T_1/2W€(T, y) dy dr
fo JR (367)

t
—>/ /Kho(ny;t, hU (r,y)r=/2 W (dr, dy)
to /R

in L2(W).

Step 3 We finally prove uniqueness Let U and V be two L?-mild solutions
satisfying (344), and set D = U — V. Since the equation is linear and the initial
data cancel,

t JE—
D(ta h) = ﬂ/t /RKhO (T’, Y3 ta h)D(Ta y)ril/Q W(d’l’, dy)

68



By the It6 isometry,

t
E|D(t, h)|? = 52 / / Ky (r,y;t, h)2r— B D(r, ) |? dy dr.
to /R

By Lemma 6.4,
t
E|D(t, h)|? :32/ /Kho(r7y;t,h)2r_1E|D(r,y)|2dydr
to /R

t
< ﬁ?Cto—l/ (t — 1)~ V2E|D(r, h) 2 dr, (368)

to

The integrability condition (344) ensures that these iterated integrals are finite.
Iterating once more, applying Lemma 6.4 at each level and using r; > ty to
bound each r;l factor by ¢!, we obtain after m iterations

m

E[D¢P] < (osh)" [, I |
0:t) j=0

where rg = tg, rme1 = t, By the Dirichlet integral estimate, see Appendix D,
we have

(ryan — 1)~ Y2 dr = (£ — t)m=D/2 L(1/2)m+
/m (to.) H Jj+1 ]) d ( ) F((m+1)/2) (370)

Combining with (369) and absorbing constants (depending only on 3, C,tg,T')
into a single C’,

(" m>1. (371)

E[|D(t,h)[’] < T(m+1)/2)’ >

Since the Gamma function grows super-exponentially,
@)y

I'((m+1)/2)

so that E[|D(t,h)[?] = 0. Since t >ty and h € R were arbitrary, D(t,h) = 0

almost surely for every such (¢, h), i.e. U =V almost surely, proving uniqueness.
Therefore

— 0, m — 00,

E[D(t, h)|* = 0,

for every t >ty and h € R. Hence U = V almost surely, which proves unique-
ness.

Step 4 Now we can justify using Theorem 6.5 that the chaos expansion

U(t,h) Zﬁk/ /Rk P y) ﬁ( dr],dyj)> (372)

Ay (to,t)
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can be considered the solution of the SPDE (343). The moment bounds es-
tablished in (189) imply that U(q, ¢) satisfies the integrability condition needed
n (344). Therefore, by Theorem 6.5, U is the unique L?-mild solution of the
SPDE (343). O

7 Tigthness of the Measure P;"

Recall (??) that the tilted modified partition function 31T (2, B) is given by

300 (2, B) = ER T H 1+ Bwis,) Lis,=a}| - (373)

We are going to show that the continuous space-time process given by

(t,x) — vn 3T (2/n, B,) (374)
is tight as a random element of Cy[(e,T) x R], where 0 < € < T < oo. Our
proof of tightness follows the strategy of [ ]. In that work, the modified

partition function is shown to satisfy a discrete version of the parabolic Ander-
son model. Under diffusive scaling, this yields an integral representation, and
standard SPDE arguments [ , ] then provide the required regularity
estimates in space and time uniformly in n.

There is one additional technical point in our setting: the spatial domain is R
is not compact. We therefore first restrict attention to compact spatial inter-
vals [— M, M], where the Arzela—Ascoli theorem characterizes tightness; see, for
example, | ]. A standard diagonalisation argument then yields tightness in
C([e,T] x R) equipped with the topology of uniform convergence on compact
sets. Finally, by obtaining uniform control of the tails, we upgrade this to tight-
ness in Cb([e, T] x R) equppied with the supremum norm. We break this into a
four-step process for the convenience of the reader.

Step 1: Show that 3T™T solves a discrete form of the parabolic Anderson
model with drift, and show that under diffusive scaling we obtain an
integral representation of 3TILT

Step 2: Using this integral representation of 3T obtain modulus of conti-

nuity estimates using a discrete form of the Burkholder-Davis-Gundy
inequality.

Step 3: Use the GRR inequality (E.1), together with a diagonalization argu-
ment, to obtain tightness in C([e,T] x R) with the topology of uniform
convergence on compact sets.

Step 4: Upgrade tightness to Cy([e, T] x R) by obtaining uniform tail bounds.

We remark that although the spatial domain is R is not compact, it is convenient
to derive the integral estimates in Step 2 over the whole real line. The bounds
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obtained in this way are uniform and therefore remain valid when restricted to
compact spatial sets.

Step 1 Consider the expectation under the tilted measure:

n+1
EEILT {H (1+ 5w¢,si)]l{sn+1=x}}
i=1

= (1 + 5wn+1,z) EiTILT H(l + ﬂwi75i)]‘{5n+1_w}:|

rn

= (L4 Bwnsre) By T [T+ Bwis ) ER™ [Lgs, 1= | fn]}

=1

rn

=1+ ﬁwn-i-l,o:) E}?ILT H(l + Bwi,si)PhTILT(Sn-&-l =z ]:n)] . (375)

=1

where for the second equality, we use the tower property with respect to the
standard SRW filtration F,,. By the Markov property and the fact that a
nearest-neighbor walk must be at x + 1 at time n, to reach x at time n + 1, we
have:

PI;HLT(SnJrl = | ].‘n) = P}?ILT(Sn+1 =z \ Sn)

= EILT (Sn+1 =X | Sn =T — 1) ]]'{Sn:x_l}
4 pIIT (Sn+1 =x|S, =2+ 1) Lis,—z+41}- (376)

Substituting this back into (375), we obtain:

(1 + BwnJrl,z)EgILT

H(l + Bwi,si) ]l{Sn-f—l_‘/L‘}‘|
=1

= (14 Bwnt1.2) BT

H(l + Bwi,s;) (ph]l{Sn:o;—l} + Qh]l{sn—xﬂ})] .
=1

(377)
where the tilted transition probabilities are defined as:
el e h
= —— = . 7
Ph =y st = 5 cosh h (378)

This allows us to write the recursion for the tilted partition function 31T ()
as:

T (2) = (1 + Bwns1,e) P30 (@ — 1) + ¢u 30 (2 + 1) |. (379)
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Subtracting 3T (x) from both sides for (379), we have,

1
T (@) - 3T (@) = SA3TT () + (g — o) V3T (2)
+ Bwpti,z [pr3n (@ — 1) + @30 (2 + 1)],  (380)
where the discrete Laplacian A and centered difference V are:

A3 (@) =3, (@ +1) = 23, (2) + 3, (2 - 1), (381)

3+ 1) - 3 @ - 1)
_ . .

Since qp — pp, = tanh h, the drift term becomes explicitly visible, yielding the
discrete SPDE:

V3T gy . (382)
HFLIT(QU) — BEILT(JJ) = %A,SEILT(JJ) —tanhh VSEILT(:E) + Whaa. (383)

where

Woi1(2) = Bonsre [n30 (@ = 1) + @30 @+ 1)) (384)

We define the one-step transition operator G}, on a function ¢(x) by

(Gro)(z) :=pro(z — 1) + qno(z + 1), (385)
Using this operator, the recursion (379) can be expressed as
(@) = (1+ Bwns1,0) (Gh3n ™) (2). (386)

Let pj(z,y) denote the n-step transition kernel (Green’s function) of the tilted
random walk:

pr(zy) =P (Sp=a | So=y). (387)
The action of the n-th power of the operator Gy, is given by the convolution
(G @) =D _pi(ay)f(v). (388)
YyEL

NOTE: I am tired now, but looks correct, I need to double everything NOTE:
say something about the intaiil data

Tterating the recursion (386) and applying the superposition principle (see [Law10]),
we obtain the discrete mild form for the tilted partition function:

3T @) = P, 9)30(y)
YyeEZ

+ B0 ) D P @y wiy (Gr3E (). (389)

k=1y€Z
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We assume a flat initial condition 3¢(y) = 1 for all y € Z, which implies that the
first term in (391) is identically 1, since p} is a probability transition kernel. By
choosing the Dirac initial condition 3q(y) = do(y), the first term of the discrete
mild form represents the transition probability of the underlying random walk.
We define the rescaled field

zn(t,x) = n' 2300 (|av/n)), (390)

and rewrite the lattice recursion as a spacetime Riemann sum:

1
zn(t,z) = py (L +/8n/ / T (t—s5, 2—y)Zn (s, y)wy, (s+ ny) 1in(ds, dy),

(391)
NOTE: need to explain what w,, is where
a7 () = Ve L/, 0) = VAP (L))
and
Za(s,9) = 02 (Ga3THET) (lyvn))- (392)
and the discrete measure pu, on the scaled spacetime lattice
T, = (n"'Z x n~1/27)
is defined by
pin(A) =032 #(ANT,). (393)

The scaling 8, = fn~/* places the system in the intermediate disorder regime.
Under the diffusive rescaling z, ~ n'/2, the variance of the integrated noise
term over a unit spacetime region of size n=3/2 is of order n~!, which matches
the scaling of spacetime white noise in 1 4+ 1 dimensions.

By extending the w,, and Z, to be piecewise constant on the lattice rectangles
NOTE: Seems sus her

By = [k/n, (k+1)/n) x [j/v/n, (§ +1)/vn),

The spacetime sums become Riemann sums with respect to p,,, which converge
to Lebesgue integrals. This allows the evolution to be rewritten as

1
2o (t ) = prT (¢t ) + 6/ / Tt — s, — y)Zn (s, y)wy, (s + n7y) dy ds
(394)

Step 2 Now that we have obtained an integral representation of (373), we turn
to modulus of continuity estimates. With initial data 30(y) = €, for some 0 <
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€ < t, the representation in (394) naturally splits into two terms, Specifically,
we consider

Apo(a,t) = / PTT (1 ) (395)

1
Moty = [ [ DR s - 0 Zs)wn (5 ) dvds. (390

To apply the GRR inequality (E.1), it suffices to derive suitable moment bounds
for (395) and (396). The M-th moment of the term in (395) can be bounded
by a constant C' depending on t, €, and M. More precisely,

E[|Ane(a.0)™] < C. (307)
where we have used (A.2) along with Remark (3). For (396) our main tool will
be a discrete version of the Burkholder-Davis—Gundy inequality. We first show

that (396) defines a martingale, and then obtain its quadratic variation.

Lemma 7.1. Let
1
M, (2, t) / / Wt — 5,2 —y) Zn(s,y) w(8+n,y> dyds.  (398)

Then, for each fized x € R, the process (Mnﬁg(ﬂc,zf))t>€ is a martingale with
respect to the filtration {F;}i>e where B

Fii=o(w(s,y): s <|nt], y €R). (399)
Moreover, its quadratic variation is given by
(Moo (-, @) = / [ G sz =5 s) s (o0

Proof. Fix € R and let ¢ < t < t. To show that M, .(x,t) is a martingale, it
is enough to prove that

E[Mc(x,t) | F] = My o (2, 7).

We decompose

1
My, e(z,t) = / / TILT( s,m—y)zn(s,y)w(s—i—w) dy ds
n
1
/ / TILT — 5T = y)zn(say)w<s + ,y) dyds
n
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The definition of Z,(s,y) in (392), the process Z,(s,y) is Fs-measurable, and
hence F;-measurable for s < . Since the environment is centred and inde-
pendent of the past, the contribution from the interval [f,#] has conditional
expectation zero. Therefore, the second term has conditional expectation O.
Hence

1
E[M, (z,t) | Fi] // LT ( s,x—y)zn(s,y)w(SJrn,y) dy ds.

To calculate the quadratic variation, we use the orthogonality of the noise and
the fact that the environment has variance one. This yields

(M t_// TILT s,x—y)zn(s7y))2E w(s—l—i,y)j dy ds
= / G 50— )2 (500) du s,

which proves the claim. O

Now we can simply apply the Burkholder-Davis-Gundy Inequality. The need
for M > 6 will be required in our GRR estimates. NOTE: overfill

Theorem 7.2. Let M > 6. Then there exists a constant Cpy > 0 such that
E[[Mae(,t +6) = M (w,0)]"]

M/2
<// (pn T+ 0= s, —y) —p, Tt~ Svff—y))z(zn(s’y))zdyd8> ]

(401)

<CuE

and

UMM (@ +8,t) — My.o(z, t)\M}

M/2

(402)

<CyE

Applying Holder’s inequality to (402) with exponents p = M /2 and ¢ = M /(M —
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2) gives

E{’Mng(m‘ +4,t) — Mn,a(%tﬂM]

M-—2
2

t 2
<Cy </ /|pn(t—s,x+5—y)—pn(t—s,x—y)|M¥2 dde) (403)
5 R

X/ /RE[En(s,y)HM] dy ds. (404)

We provide an estimate for (404), which is based on [? , Lemma 3.1]. From
(??) we have that

E[[Za(s,9)M] < (2™ (s,9))*". (405)

Then, using (A.2), we can bound (pEILT(s,y))zM by a shifted heat kernel (see
Remark (3)), which, once integrated over space and time from e to ¢, produces
a constant depending on M, €, and t.

We proceed to estimate (411) using (A.2). Following Remark (3) and (A.3) it
is good enough to bound the difference of the discrete kernels and provide the
estimates using the continuous version. In this spirit we define

exp (—c (z =y = hit = s))Q) . (406)

TILT(t o
t—s

p s, =y h) =

C
Vt—s

Lemma 7.3. Let 0 < 6 < 1 and fix t,s,h. Define A (t — s,z — y,h) =
pTHT(t — s, 2 —y+6,h) — pTIET(t — s, —y, h). Then for each even M > 6 we
have

M

t 2
(/ /Am(tfs,xfy,h)% dyds) <Ccsr !, (407)
€ R

where C' is a constant depending on t, €, and M.

Proof. Note that for each M > 6 we have that 1 < M/(M —2) < 2. Using

i M i ~ . in., 2K _ 2M_
(E.3) with K = and using Fourier Inversion we obtain. 575 = 575, we

) M—2
obtain

o0 2M £6 oM ~ ) =
[ Iade s —umFay g ([ e 1P (ke 9e) ac)
—o00 R

(408)

where K := K(M) = M/4(M + 2). An application of Fubini’s Theorem, fol-
lowed by integration over the time variable s, yields:
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// eXP K(t—s) 2)‘1_6155’13,—% d¢ ds
:/ [/ eXP( f((t—é’)£2) ds} ’1_6155‘]3—% de

:/OO lieXp (7f((t76)§2) |1—€i£6’% ds

Ke
oo 1 — —K(t— £2 ) 20
:%/0 = 52( 7<) |1 — ¢8| 752 ge (409)

Using the bounds |1 — ei§5| < min(l, \£5|) and |1 — e*|9‘| <1 for all # € R, we
obtain from (409) that

. 2M
/OO L= exp(=K(t = 9F) |1 — €377 ge < “wdé
0

& €

Splitting this into the regions €6 < 1 and £§ > 1, we obtain

s 1/6 o
/ min M ’ )dgg/ 5 e de 4 = L e
0

Therefore,
M42
VS oy s 1 M M2
(SM+2€ M2 df + 72d€ 561\472 557
0 15 €
where the last inequality follows since § < 1 and % > 1. O

We now proceed to estimate

UMM (z +6,t) — My (, t)\M] (410)

Applying Holder’s inequality to (402) with exponents p = M /2 and g = M /(M —
2) gives

“Mm (z +6,t) — My (z, t)|M]

M—-2

t 2M 2
<Cy (/ /|pn(t—|—5—s,x—y)—pn(t—s,a:—y)|M‘2 dyds) (411)
€ R

« / /R E ([, (s,9)|M] dy ds. (412)
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We can provide bounds (412) using (D.1), as discussed in NOTE: reference
fail?. 'We proceed to estimate (411) using (A.2) and Remark (3) in the same
spirit as (9). Recall the defintion of p™'V(t — s + 6,2 — y, h) from (406).

Lemma 7.4. NOTE: Check Calculation Let 0 < 6 < 1. Define Ay(t — s,z —
y,h) == pTW(t — s + 6,2 — y,h) — pT(t — s, 2 — y,h). Then for each even
integer M > 6, we have

-1

1 2M % M
(/ /|A,g(1,‘—s,x—y,h)\m dyds) <0612,
e JR

where C' is a constant depending on t, €, and M.

Proof. Again using (E.3) with K = M]sz and 212({1 = 13[%27 we obtain
e s} [es} t K} 2 t 2 15[1\1/»[2 %tg
/ At — s, —y, )72 dy < (/ eXp(—(_S;)g> —eXP<—(_88>€>’ d§>
—00 —o0
(413)

(414)
Let K := K(M) = 4(M7M+2). and using Fubini’s theorem,
t 00 - 552 1\317%2
/ / exp (—K(t - 5)52) 1 —exp <_8) dé ds
o) t 5 552 %
= / [/ exp (fK(t — 5)52) ds} ‘1 — exp (8) dg
oo 1 — exp (—]’?(t — 6)52> 552 1\2471:-12
Using the bound |e™* — 1| < w and v > 0, we have
2M_
- ‘1 _ 67652/8 M+2
(415) < / 5 dg
0 €
Make the change of variables u = /8 € so that
2M 20
- ‘1—6_652/8 M2 - ‘l_e_uz/g M+2
/ . ¢ = / e du V5.
0 3 0 U
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Therefore,

20
2 o | 3712
9] ‘1 — e 0¢/8

/ = a| o g,
0

where the last inequality follows since § < 1 and (%fg) > 1 for M > 6. Raising

to the power of M/2 — 1 gives the required result. O
Using (7.3) and (7.4) we are able to conclude that

Lemma 7.5. Let 0 < 61,09 < 1. For each even M > 6 and each £ > 0, there
exists a constant C = C(M,e,t) such that

Q[zn(s ) —zn(s + 81,5+ 8)|" | < C(8i]+ 1) 7. (416)

Step 3 To apply the Garsia—Rodemich—Rumsey inequality , it suffices to verify
that for an « > 0,

E[|zn(z,t) — 2n(y, s)|M]
//R d(s, t,z,y)oM dsdtdz dy < oo,

where d(s,t,z,y) = \/(t —5)2 + (r —y)2 and R = {(s,t,2,y) € [¢,T]? x R%}.
Using the moment bound (416), the integrand behaves like d(s, t, z, y) /2~ oM
which is integrable over R provided a@ < 1/4. Therefore, by the Garsia—
Rodemich—-Rumsey inequality (E.1), we have

a/2

|z (2,1) = 20 (Y, 5)| < Care ((t = 5)° + (2 = 9)?) (417)

Q@ almost surely. This implies the sequence z,(x,t) is equicontinuous Q almost
surely on R. NOTE: do I need a diagnolization argument?. NOTE: Should
be finished by Arzera Ascoli.

Step 4

8 Tightness of the Measure for Pf?REA

9 Tightness For The Velocity Partition Function

We recall the definition of the velocity partition function from (228).

Ef, [T e ts0-20 1 ) (418)

=1
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Our proof of tightness will follow the exact same steps as outlines in Section 7,
and we will make the necessary modifications.

We will show that the continuously interpolated space—time process

is tight as a random element of
C(lto+€T) xR),

where e > 0 and tp+ € < T < 0.

The main idea NOTE: informal is that the modified velocity partition func-
tion has an integral representation, following a similar interpolation scheme as
outlines in . For t; <t < T, this representation is given by

2t h) = Kpgn(to, hoi t, h)
1
w//monsn,t,h) Sl (4 2on) dnds. (120

where we define the discrete velocity kernel by

Knon(s,m5t.h) := tpa(|ns], [Vns(n — ho)Js [nt], [vnt(h —ho)]),  (421)

and where p,(z,t) = v/np(nt, [xy/n]nt), which is the standard rescaled SRW
transition probabilities. NOTE: What exactly is this? from NOTE: this
needs to be discrete NOTE: dont like this. We also define Z (s, 7) in the same
way as (392), using the same n'" power of the operator Gh with the n-step
transition kernel of the discrete diffusion H® as defined in (174) . In the same
manner as Theorem 7.1 one can check that discrete stochastic convolution in
2H (¢, h) as defined in (420) is a martingale with respect to the filtration which
is given by F; := o(w(s,y) : s < |nt], y € R). Further one can verify that it’s
quadratic varaition is given by

(Mpe(-y ) :/t+ /(Kho,n(s,n;t7h)2n(s,y))2dnds. (422)

Now let |h—h| < 1 and |t—{| < 1. Therefore by an application of the Burkholder
Davis Gundy Inequality we have that

E [[Mne(t,h) = Mye (8, )]

. M/2
(/ /}R(Khom(s,n;t, h) — Ko n(s,m;8,0))° (22 (s,m)) " diy d8> ] ;
to+e

(423)

< CyE
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and

E (1Mo e (t,R) = Moo (8 D) |

. ) M/2
< C’MIE[(/t N /R(Kho’n(s,n;t, fl) — Kpyn(s,m;t, h)) (an(s,n))2d77ds> ]
(424)

Applying Holder’s inequality with conjugate exponents % and % to (424)

and (423), we reduce the increment estimates to suitable L2 -bounds on the
kernel differences, together with a uniform M-th moment bound for zZ. More
precisely, we use

sup sup E “EnH(s,n)’M} < 0. (425)
n>1(s,n)€to+e,T]XR

The proof of (425) follows the same Volterra-inequality argument as in Ap-
pendix D. The only modification is that the underlying transition kernel is now
that of the discrete diffusion defined in (174). Since this diffusion is obtained
from the simple random walk by a deterministic space-time change of variables,
and since each ¢; lies in the fixed compact interval [ty + €, T, the corresponding
kernel bounds are uniform in n. Hence the argument of Appendix D applies
without further change.

What is needed is the necessary modification of Theorem 7.4 and Theorem 7.3
for the kernel Kp, »(s,m;t,h). We encounter the same issue as in the discus-
sion preceding (406): the estimates required for tightness are formulated for the
discrete kernel, whereas the available difference bounds are proved for its contin-
uous counterpart. In the present setting, this comparison is justified by (174),
which shows that the discrete diffusion may be considered as the SRW with
a deterministic space-time change of variables. Since the times ¢; remain in a
fixed compact (to,T'), the corresponding change-of-variable factors are uniformly
bounded above and below. Therefore the discrete-to- continuous comparison in
(3), together with (A.3), produces the required discrete spatial and time dif-
ference estimates uniformly in n. Thus, recalling the argument in (406), it is
satisfactory to use the corresponding bounds for the continuous kernel. This
leads us to;

Lemma 9.1. For each even M > 6 such that |h — h| <1

M
21

t
(/ /|Kh0(san;tah) _Kh0|(57n;tvﬁ)%dyd8> (426)
to+e JR

<Clh—hl7 7, (427)

where C is a constant depending on t,T,e and M.
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Proof. Recall the definition of Kp,(s,n;t, h) from (264):

2
t (th — s — ho(t — s))
Kp,(s,m;t,h) = ———=exp{ — . 428
Recall the standard heat kernel given by
1 (z—y)?
t—8,1—y)= ———— s, 429
o D= (429)
Then note that
tp(t — s,t(h — ho) — s(n — ho)) = Kn,(s,m;t, h). (430)
For fixed ¢ and varying h, we have that
| Kho(s,m3t, h) — Ko (3,152, i")|
= ’tp(t —s,t(h—ho) —s(n— ho))
—tp(t — 5, t(h — ho) — s(1 — ho))| (431)
< T |p(t = s5,t(h — ho) = (1 = ho)) = p(t = s,t(h — ho) = s(n — ho))|
(432)

where the last line follows since ¢ < T'. The reb;ult then directly follows fr~0m an
application of (9) as (t(h—ho)—s(n—ho)) — (t(h—ho)—s(n—ho)) = t(h—h). O

Now we look at the fixing h and varying time t.

Lemma 9.2. For each even M > 6 such that |t —t| < 1, then

M_q
t ~ 2M :
|Kh (Sﬂl;ta h) _Kh (San;ta h)|mdyd3
(/tJr/]R ’ ’ (433)

<co(E-a¥t - 0¥ je-1%2)

Proof. Fixing h and varying time ¢, such that [t — | < 1 we obtain that
|Kh0(sa 5 ta h) - Kho (8, n; t, il)|
tp(t — s, t(h — ho) — s(n — ho))
—tp(t — s, t(h — ho) — s(n — ho))

< T |p(t = s,t(h — ho) = (1~ ho)) = p(t = s,t(h — ho) = s(n — ho))|
(435)

(434)

Therefore by applications of Theorem 7.3 to (??) and an application of (??) to
Theorem 7.4 we have

82



M—-2
2M

t
(/ /|Kh0(s,n;t,h>—Kh0<s,n;%7h)|f3f”’2dnds)
tote /R (436)

<Cfjt— 8% - 0%

where C is a constant depending on t,T, e and M, since such that |t — ] < 1,
the result follows. O

NOTE: needs to be changed Tightness follows from an application of the (E.1)
inequality along with the estimates in Equation 436 and .

A Local Limit Theorems

A.1 Local Limit Theorem for P

NOTE: Read One last time

Theorem A.1. Under the scaling h,, = hn='/2, we have as n — oo:

2 2 (93 - hTﬁ>2
Pl (S, =x) = Norhad T + O(n71+°(1))

where S, = X1 + -+ X, and for 1 < i < n the X; are all i.i.d. Bernoulli
distributed random variables under the probability measure P.

Remark 2. [t is tempting to directly apply the local limit theorem (see [ ])
under the tilted measure PTILT However, this is not formally justified, because
under PTILT the dzstmbutwn of the increments depends on n. Thus, the tilted
random walk does not form a sequence of i.i.d. random wvariables with a fixed
distribution, but rather a triangular array, and the classical local limit theorem
does not apply directly in this setting.

Since the tilted measure is defined via an exponential change of measure with
respect to the simple random walk, one can alternatively derive the asymptotics
from sharp local limit estimates for the simple random walk and transfer them
to the tilted measure. On the diffusive scale x = O(y/n) this yields the same
Gaussian limit, and in fact gives a sharper error term of order O(n=3/2), see
[ ]. However, this argument does not immediately give uniform control of
the error on other scales, where the exponential tilt may significantly distort the
probabilities.
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Proof. We can calculate the expectation and variance of a Bernoulli random
variable X under the measure P, ILT " This is given by

tn := tanh(hy,), (437)
02 :=sech?(hy,). (438)

Note that as n — oo we have tanh(h,) — 0 and sech®(h,,) — 1. The third mo-
ment can also be explicitly calculated and is given by PE"ILT [X 3] = tanh(h,).
We can bound the first, second, and third moments of the SRW under the mea-
sure P,?ILT by a universal constant which is independent of n. The X; for the
SRW take values in {—1, 1}, and this leads to the usual parity issues in the local
CLT. So instead, we will work with the increments X; € {0,1} by making the
change of variable X; = X;/2 + 1/2. Then, we have

PIILT(S, = ¢) = PTILT (Sn _z J2r n> (439)

where S, is the random walk with increments X;. Similarly,

~ tanh(h,) 1 _,  sech®(hy,) . z+4+n
n — ———— ) = - . 44

We define the limiting variances by

o? = lim o2, o°:= lim o;.
n— oo n— oo

By Fourier inversion, for integers z,

— 1 " itS,  —it(z+n)/2
1{§n:(x+n)/2} = %/ e’ re dt.

—T

Taking expectations with respect to the measure P'™" and applying Fubini’s

theorem yields
_ 1 [T . _
TILT =2\ TILT [\, —it(z+n)/2
P (Sn = x) =5 [ﬂ ¢§n (t)e dt,

where dA%ILT (t) is the characteristic function with respect to the measure PthILT.
We have the relationship

GET (1) = (S5 (1)) e (441)

Thus, we can express PhTWILT (Sn = 56) as

~ 1 T o n .
puwr (Sn _ :E) _ 27/ pitnnt <¢"£IL"{‘ (t)) e—itz/2 gt
T

X_Hn
—T
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u

where we have used i, = u,,/241/2. After making a change of variable t = T
we find

1 v A U L
pTILT &) = = iU TILT [ _% —izu/(2y/n)
f ( l’) o /\/ﬁﬂe ( X—in (ﬁ)) e du.
(442)
Let us heuristically analyse the first two terms in the integrand of (442):

etV /2 (443)

(e ()

For (444), we note that it is the characteristic function of a sum of iid mean 0
random variables with variance 62 — % = 1/4 (see (437) and just below (439)).

By the Lindeberg—Feller central limit theorem | , Theorem 3.14.10], we
have "
sTILT Y —&52u?)2
( Fars (\/ﬁ) —e as n — 0o.
The Taylor series expansion tanh(z) = O(z?) in (437) implies that for (443)
the term
etVntinu _y pihu/2 as n — oo.

Therefore, one would expect that (but this does not prove that)

Jn TILT( A 7:c> = %/ezhu —5%u* /2 —izu/(2V) gy, (445)
R

Note that we can explicitly calculate the integral on the right-hand side recalling
that 02 = 1/4 Completing the square, we get

2
1 ) 2 ) 2 2 (‘T - h\Q/ﬁ)
- 6lhu/2e—u /86_7'171/\/5 du — —exp| ———m— . (446)
27 Jr T

We return to (442). What remains to be shown is that we can get an appropriate
bound on the difference of the following integrals, that is

21 2

_Jnn vn

vnm "
< RN (QASTILT (“)) . eihue—52u2/2) ‘ du 447
/_ nm ( X e \/ﬁ ( )
/ zhu —(72’LL2/2 —izu/(2y/n) dul .
[ul>v/nm

85
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vnm n .
i/ iVl <qg§1311; < u )> e—iTu/Nm g, 1 / pihu =60 /2 —izu/(2VR) g,
n R



by the triangle inequality. Throughout the rest of the proof, we let Cj be
constants indexed by k which will change line by line. We bound equation (448)

+2
first. Using the inequality ®(¢) < ﬁe*T for t > 0, where ®(t) is the cdf of
the standard Gaussian, we obtain

. 5242 _ izu 5242 _
/ eMte™ 2 e 2vn du §/ e~ 2 du < Cle "2
lul>v/nm lu|>/nm
“2u2

For equation (447), adding and subtracting e~ = e?Vhnt and using the trian-
gle inequality gives us

v ; A " ; 52u? 5242 52u? .
[ﬁﬂ (elﬁﬂn/Qu (q&}‘zILEn(\/I/'Lﬁ)) _elhue_ 2 ) _e_Tez\/ﬁﬂnu_i_e_Tez\/ﬁﬂnu du
Vnm n 52,2
S TILT u — &
< [ (85 (G5) =)o e
\/?HT 5242 ; ;
+ / e~ 2 (6’}1”76“/5“"“) du (450)
—
For (450), we note that
Vnm 52,2 . ) v 52,2 ) .
/ e 2 (elh“—e“/ﬁ“"“> du:/ e T2 |etht — etVrEnu| gy
—\/nm —/nm
Vnm 52,2
g/ lule™ =" |h — V| du
—nr
< %7 (451)

n

where we have used the inequality

hu
|ethe — ei\/ﬁ#n“| = ’/ ie dy| < |ul ‘h - \/ﬁﬂn’

Vnpnu

and applied Taylor’s theorem to tanh(z) = x — O(2?) to obtain
1
n

\/ﬁunh+0( )

For equation (449), we consider an € < 1 and break up the region of integration
into two parts

Ry :={u: |u| < ey/n}, (452)
Ry = {u:ev/n < |u| < my/n}, (453)
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and apply two different estimates in each region. The region (453) is compact.
We claim that since the characteristic function is continuous, there exists a

constant C4 < 1, such that
n
jor (W
X —fin \/ﬁ

in (453). Recall the definition of the characteristic function

d;gfg (t) = E;ELT [eit(ﬁfﬂn)}

<cr (454)

iRszn (t) = ESRW [eit(X—ﬁn)} )

We consider the difference between the characteristic function under the original
measure PSRV and the characteristic function under the tilted measure P T,
Note that for this computation, we can temporarily ignore the subtraction of
the mean fi,, since |e?#n/V7| =1,

STIL SRW

|G (/) = 65 (/)
ehn X giXu/vn _ giXu/vn cosh(hy,)

cosh(hy,)

ehn X giXu/Vn _ giXu/vn cosh(hy,) ]

} . (455)

ESRW

cosh(hy)

e X — cosh(h,,)
cosh(hy,)

< ESRW [

_ ESRW |:

Since we have that our random variable X is bounded, a Taylor series expansion
shows that e"»X /cosh(h, ) — 1 = O(h,,), as we have that

Cs
(455) < ﬁ

for some large enough n, where C5 is a constant which depends on h. Since
the original characteristic function |¢§~(Rw(u /+/n)| is bounded by a constant Cf,
which is less than or equal to one, an application of the triangle inequality shows
that o

5 6

051 (u/Vn)| < Zr o<l
for large enough n (we have just used the inequality |A| < |A — B| + |B]|). We
now show that in region (453) the constant ¢ is not equal to 1. We can chose n
large enough such that

Cy :05/\/5+C6 < 1.

Now we show that C7 # 1. Suppose for a contradiction that ’gﬁi’zﬁ_"z (L) =1

vn
for some u € Ry. Then ¢! (*/VMX is constant almost surely. Since X € {0,1},
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this implies "*/v™ = 1, and hence T € 2mZ. But on Ry we have € < lul/v/n <
7, which is a contradiction. Therefore ‘QZA)%R_VE (ﬁ)‘ < Oy for all u € R».
Hence, by an application of the triangle inequality, for equation (449) in the

region (453) we have
vnm n 52,2
S TILT u 22 —Con
/ﬁw X fin (ﬁ) © ‘1R2 dus e (456)

In the region (452) for equation (449), more careful analysis is required. We
consider splitting region (452) into two further regions. These are given by

Riq = {u: |u| < en®}, (457)
Riy = {u: —eyn <u < —en’ or en® <u < ey/n}, (458)

where § < 1/6 and will be optimised later. Let us consider equation (449) in
the region (457):

5
en n -
/ (ATJLT <u >> e
s
—end Hn \/ﬁ
5
€n S TILT u 52,2
:/ enlOg(qﬁX*ﬁn(\/ﬁ)) —efTu du
—end

_ 82u2

e 2

6n6
= / du.
—end
First we apply a Taylor series expansion of our characteristic function up to the
third moment,

e, ()

=22
STILT L Ot —(2-38
¢X—ﬁn<\/ﬁ> =1- m +O<n ( ))

After another application of Taylor’s theorem (recall log(1 + z) = = + O(x?)),

s (3707 (L)) = -5 + 0 (n ().

Hence, multiplying by n gives

wtog (337 (L2)) == 0w ). (s

Since
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a Taylor expansion of sech? around 0 yields

52 =0240(n"), where 52 =1
Hence, on the region |u| < en?,
o—Fau/2 _ e—o2u2/2‘ < uf?|5? — 0_2|e—Ceu2 < 08n2§—1e—09u2’ (460)

which tends to 0 uniformly since § < 1/2. Combining (460) and (459) we obtain

nlog(gmgn Q%)) $ P o ().

Hence our integral becomes

5 1
en w22 O n7(§735)
/ e 2 1—e ( > du
_Ené
E’I’LJ 2 2 C(
< / e T || du < (461)
—en?t n(ff&s) n(§736)

Where we have used the Taylor expansion of the exponential near 0 to obtain
[1— €] < Colz|

for sufficiently small z. Choosing § < 1/6, there is sufficient decay of order
n3%=1/2 For region (458) one can use the standard bound on the characteristic
function found in | , Theorem 3.3.20]. This is given by

(=)

We claim that for u in the region (458) the minimizing term in (462) is given
by the cubic term as long as | X|| < 1/e. Consequently, we have that

3 2
U = U S
—X —X
) G |
< BT |:(€X)31{)2<1/5}:| + EELT[(EXQH{XM/E}]

- _ .12/3 N 1/3
< BT[] 4+ BT (eX)]T BT (X > 1/e)

< €.

~2,2

| (Ger-a0)
(462)

EEILT A

Where we have used Holder’s inequality with exponents p = 3/2 and ¢ = 3 in
the penultimate inequality, and the last inequality follows from an application
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of Markov’s inequality along with the uniform bounds for the third moment.
Hence, we get the inequality

HTILT u \|" < (1 uoy + u?on\" 1 w?on\" < Cype—Crru?

e | — - =|1- e .
X=in \ \/n - 2n 4n 4n =

using the inequality 1 — 2 < e™® and the uniform bounds from below of the
variance o2. Consequently in region Ry, (see (458)), we have

n
/ “TILT ( u ) P
o —=
Rup o \V/n

Combining the errors in regions Ri,, Ri, and Rs in equations (461), (463),
and (454) respectively, we see that the dominant error term is O(n~(1/2739),
Dividing by +/n in (442) provides an error of O(n=1+3%).

du < Chay/me= O™ (463)

O

A.2 Discrete bounds P,
Lemma A.2. The tilted heat kernel is defined as

() =V PTET (S) ) = [av/n]) (464)
There exist constants C,c > 0 such that

2
ST ) < 5% exp<_c (Lovn) - gmm) ) (465)

for allt >0 and all x € R.

Remark 3. NOTE: I probably need a multidimensional version The bound
(465) indicates that pX™T is controlled by a shifted Gaussian heat kernel. For

n

hn = h/\/n, the diffusive scaling of the right-hand side of (465) behaves as

ignoring discretisation errors. Since the exponential is bounded by 1, we have
prET (¢ 2y < C/\/t. Further, for t € [, T), the kernel is uniformly bounded:
P (L) = O(1).

Proof. Recall the defintion of u,, and o, from (437). We split our analysis into
a diffusive region given by

|z —npn| < Cvn (466)
and its complement

|z = npn| > CV/n. (467)
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By the local limit theorem Theorem A.1, which we recall has an error term &,
that is uniform in x, we have

2 (x — njin)?
pItT(g — )= —— B Sl ol 7 n A
(S, = ) = e~ ) o R (468)

where R,, — 0 as n — oo. In the diffusive regime (466), we have that

exp (—@”_””")2) > exp(—c?), (469)

52
202n

for some constant ¢ > 0 depending only on C' since we have uniform bounds on
Gn, see . Therefore, plugging (469) into (468) we obtain that

_ 2
PIET(S, = 2) < (1 + Ii) 2exp(—(xnun)> . (470)
on

e ¢ 2mn 2&%71

Choosing n large enough so that fﬁ < 1 and recalling that pu, = z — O(2?)

yields the result in the region |z — nu,| < Cy/n. For the region (467) we
note that by Azuma’s inequality, if | — nu,| > Cy/n, then under the measure
P(TILThn), My, := S, — kpu, is a martingale with bounded increments

| My — My—1] < 2. (471)
Hence Azuma’s inequality yields
2
P];HLT(|SH —npy| =7) < Qexp(—g) .
» n

In particular,
_ 2
P}”L[‘ILT(Sn — .’L‘) < 26Xp (—C (xn,un)) .
n n

Since |z — nu,| > C+/n, after adjusting the constants this may be rewritten as

_ 2
P8, = 1) < jﬁexp <—c’ (& = npn)” Z””) ) :

Combining the two regions proves the claim by replacing x with zv/n and n
with nt. 0
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Corollary A.3. Let C,c, k be positive constants. Let § > 0. Then for allt >0
and x € R,

_ 2 _ 2
|pZILT(t,m) e (e 5)| <C [exp (—c(xht)> + exp (—kwht))] ,

t : (472)
’ngLT(t, x) — p,TLILT(t + 4, x)| <C {exp (—c(x_tht)Q) + exp (_k(i’?—ﬁf;‘@)?)} )
(473)

Proof. Both proofs follow from an application of the triangle and the proof of
(A.2). The bound on the LHS of (472) is justified by (3). O

A.3 Local Limit Theorem For The Velocity Measure

Lemma A.4 (Local limit theorem for the transformed walk). Let H™V) be the
discrete process defined by
Sk k
’ tk} = 7
VN ty, N

Fiz 0 < s < t, and let i = |Ns|, j = |Nt| Then we have the following
convergence NOTE: what exactly is the convergence here

HMN = by + (474)

\/Nt N N
P (Y = | B =) — Koy (s, mit, ), (475)

where

2 s s 2
PR — B
(476)

Proof. After rearrangement, the event HZ-(N) = 7 can be written in the form:
Si = VNt;(nn — ho).

Similarly, the event H j(.N) = hy can be expressed as:
S; = VNtj(hy — ho).

Using the Markov property of the underlying simple random walk (SRW), we
have:

P (M =0 B =) = P (S = VNt (0 — ho) = VNt — ho))
(477)
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By definition, we have j — i = | Nt| — | Ns]. We note that as N — oc:

j—i
N

—t —s. [Check indices and sign here] (478)

By the local central limit theorem for the simple symmetric random walk (see
[ ]), it follows that:

VNt
2

(t(h — ho) — 5(n — ho))”
2(t — s)

t
P () = [ =) = s e { } o
(479)

NOTE: fix overfill ]

B The results of Alberts, Khanin and Quastel
in | ]

Proposition B.1 (Theorem 2.1 in | D). Under the assumption that the
random environment w satisfies A(8) < oo, for small 8 we have that

xr —12
ein)\(ﬁn—l/zl)@ z (I\/ﬁ) (d) eAvap(@) g—2z?/2
2 ) n—oo 2

where the convergence in distribution is given by the topology of the supremum
norm on the space of bounded continuous functions. The process x — Aﬂﬂ(:r)
is a one parameter family of stationary processes whose one point marginals have
explicit formulas given in [ |. Further, the process ev2s(®) can be written
in the form of a wick product (see [ | and therein for more references)

(480)

1
eMvas(®) .= Epp l: exp : {\@ﬂ/ &(s, Xs +x8) ds}] , (481)
0

where £(x,t) is space-time white noise and the expectation Epp is given over
Brownian bridges X; that start and end at zero, in a unit time interval.

Proposition B.2. The process

(z,1) = zy(x,t) := V/n (nt,z/n, Bn_1/4) (482)

is continuous in space and time, and is tight as a random element of C'([e, T]xR)
for any 0 < € < T < oo. Furthermore, z,(x,t) is a-Hélder continuous for
0 < < 1/4 in time and B-Holder continuous for 0 < 8 < 1/2 in space.
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C Some Theory on the Parabolic Anderson Model

Theorem C.1 (Result (5) of | Y. Let Z be a continuous modification of
the solution to the Parabolic Anderson Model
1
0.2(tx) = SAZ(Lw) + BZ(L)E(L ), 1> 0, 2 R Z0x) = dofa)

where £ denotes space-time white noise. Then

P(Z(t,z) =0 for somet >0, z € R) = 0. (483)

Next we have a uniqueness theorem, which is due to | ]

Theorem C.2 (Theorem 2.2 in | . [?] Let {¢pe(z) : t >0, x € R} be a
continuous Fi-adapted process® such that for every T > 0,

t s
sup Sup/ / /R/Rp(t —s,2—y)’p(s — s,y — ) Elve (v)?] dy dyds' ds < co.
0 0

te(0,T) z€R

(484)
Then ¢ (x) is the mild solution of the Parabolic Anderson Model
1
O Z(t,x) = §AZ(t,l’) + BZ(t, x) &(t, ), t>0, z€R, (485)
Z(0,z) = do(x). (486)

Proof. We first recall the classical occupation times formula: if Z is a continuous
semimartingale with local time LZ, then for any bounded Borel function f : R —
Rand tg <u<w,

[ rzyaz. = [ 16 @i- 1) as (487)

D Volterra Type Inequalities

Lemma D.1. For every even integer M > 6, there exists a constant Cys such
that

E[ 24 (s,9)[M] < Cos (0T (5,1)) M. (488)

1 This was first proved by [ | and later extended by [ ] in the case of Dirac initial
data.

2Here F; denotes the filtration generated by the space-time white noise (equivalently, the
associated cylinder o-algebra).
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Proof. Recall (390). Applying the inequality |a + b|* < Car(|a[*M + [b>M)
together with the Burkholder-Davis—Gundy inequality, we obtain

E[1Zn (s, 9)*] < Cor (0™ (s,1))

<5 /: /R(ZJEILT(t -1y — z))2En(r, 2)%dz dr) M] .

(489)

2M

+ CyE

Notice that raising to the m-th power produces a product over 1 < ¢ < m, in
which each term is symmetric. Therefore, we may rewrite the second term as
an integral over the simplex. In particular, we can rewrite (489) as

CM/ / TILT — i,y Hzn n,zl dzy - -dzprdry---dryg
A]M RM .

(490)
where Anr = {(r1,...,7ar) € [6,t]™ 1 e <7y < -+ <7y <t} An application
of Holder’s inequality gives

M

M
E Hzn(ri,zif] < [TE[Zatri, 2 PM )™M, (491)

i=1

Using (491) in (490), we obtain

2
CM/ / PV~ y - z)
A RNII;[ [ z)

X HE [Zn (74, zi)|2M]1/M dzy---dzpdry - - drypy. (492)

=1

Now define the ratio

B[ [Zn(t, 2)[*"]

9(tw) = (pEILT(t, x))ZM. 19

Dividing the moment inequality by ( TILT (¢ x))2M and using (492), we obtain

Hz 1( TILT(t Y — zz))Z
g(t,z) < Cy (1 + /AM - (pTILT(t7I))2M

x H(pEILT(Tiy Zz‘))QQ(% ) YMdzy - dapgdry - dTM)-

(494)
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By the Chapman—Kolmogorov identity, we have

ZpTILT — 2)pTT (5, 2) = pTT (¢, ). (495)
ZEL

Dividing both sides by pI™eT (¢, z) yields

TILT (4 _ TILT
s ) (s6)
= Pyt (@)
Thus, defining
TILT (4 _ _ TILT
Hn(s,z;t,x) = pn ( S,"I; Z)pn (87’2) (497)

P (L, ) ’

we see that IL,(s, z; ¢, x) is a probability mass function in z. Consequently, we
may rewrite

TILT(

pr )2 TILT(T’ Z)2

Pn
(pTIT (¢, 7))

which allows us to control the integral by summing against a probability weight.
Hence the normalized product of transition kernels may be interpreted as a
bridge density. Using this Chapman—Kolmogorov identity and the definition of
II,,, we obtain

t,x) <C 1—|—/ / I, (7, zi3 t, @
o M( 5 RMH 2

X H g(ri, i) UM qor oo odzpg dry - ~~drM>. (499)

—r,x—z

= Hn(T,Z;t,I)2, (498)

i=1
ety o VT 7 )T, 2
r,zt,x) ==
nAh ) pEILT(t’x)
and
Ay ={(r1,...,rm) € [e,t]M:6§r1 <<y <t

O

Lemma D.2. Let ¢ > 2 and let g(r;,z;) > 0. Then there exists a constant
C > 0 such that

q

=1 ri,z
Hg(rv,zz)l/q < CZ J#Zp Hrz) 9(ri, 2i). (500)

i=1 i=1 p2(ri, zi)
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Proof. We begin by introducing weights based on the heat kernel. Write

q
Hp (ri, 2i).

q q l/q
Hg(ri7zi)1/q = H (g(Tiazi)p 7”1,232 )

i=1 i=1

Applying the arithmetic—geometric mean inequality,
[ <33
i=1 i=1

with a; = g(r;, ;) p~2(ri, 2i), we obtain

q 1/q 1 q L
H( (riyzi)p (T'vaz)) <= gl z)p P z).
i=1 q i=1

Hence,

q 14 q
Hg(Ti;Zz *Z 7"172'1 7"1721 H ijz])
i=1 173 j=1

Now, for each fixed i, we rewrite
i 2
11279, 2) = 0*/9 (i 2) [ [ 0%/ 4(rs, 25) < C T [ 07 (v, 29),
j=1 J#i j#i

where we used that ¢ > 2 and absorbed constants into C'. Substituting this into
the previous inequality yields

Hq Z () 2)
1/q < C j;ézp 71079 o
izlg(,’ﬂ“ZZ) pot P (rﬂzl) g(rlv'zl),
which proves (500). O

Applying Lemma D.2 together with (499), we obtain

(t .’IJ < C]W 1 +/ / Tzazlat '/E)Q
Ap JRM

T, % [
ZH”&Z plry. %) g<7“i72«'i)d2'1"'dZMdTl"'drM>'

i—1 p(T‘l,Zi)Z
(501)
For each fixed i € {1,..., M}, set r; = s and z; = y. Using
1 t—ri,x = 2)?
Hn(riazi;tax)Q = p( ik & ) ’ (502)
p(ri’zi)z p(t,l’)2
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the i-th contribution may be written as

t
/ /Kl(t7$,87y)g(5,y) dyds7
€ R

where

p(t— s,z —y)°

K;(t, x; =
1( axvsay) p(th)Q
s VED

Summing over %, define

Then (501) becomes
¢
g(t,x) < Cum (1 —|—/ /K(t,x;s,y)g(s,y) dy ds) .
e JR
For j # i, define
Arjit,z) == / Hn(rj,zj;t,x)2p(rj,zj)ﬁ dz;.
R

Using Remark 3, we are able to provide the following bound

—1/2
Ip(rs, Moo S 52,

together with the bridge-density estimate

t
Hnr-,z-;t,x2dz-§ _
/]R g 253 8,0)" d \/ it —7)
A(rjst,a) < Y@= ot
T ri(t —rj)

Therefore, returning to (503) we obtain

we obtain

p(t—s,x—y)z/ - t
Kilt,a;,9) § L2220 gt
z( y) p(t,x)Q (r17...}:¥8)6AM H J Tj(t —r;

J#i
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X AIWM)@M /RM?1 H[Hn(rj,zy‘;tw)Qp(Tj,Zj)Q*l] [1dzdr;.

i
(503)

(504)

(505)

1/2
d’l"j .
) 1
(506)



We now consider the remaining time integral

" 1/2
[Th ,TM )EAM H "y (t_M) Hdrj- (507)

J#i

Rewriting the integrand, we obtain

¢ 1/2 L
H _ —=1 "3 ~1/2
" ( tm)) =a ][, (t=ry)~"2, (508)

J#i J#i
where C; > 0 depends only on t.

Thus, the integral is of Dirichlet type: after the change of variables u; = r;/t,
it becomes an ordered simplex integral of the form

/ TTus (=)' duy - - duns, (509)
0

<ur<--<upy-1<1 i

11 1
:1— = —.
“ (q—1+2> F=3

Such integrals are finite whenever the exponents satisfy « > 0 and g > 0. In
the present setting, since the simplex is bounded away from 0, the singularity
at r; = 0 is avoided. NOTE: nearly there, but getting confused about what
needs to summable etc, Estimating K allows us to control the iterates of the

with

associated Volterra operator. Since the time integrations are ordered, these
iterates are governed by simplex integrals of Dirichlet type, which are summable.
Consequently, the Picard iteration for g converges and yields a uniform bound.

E Technical Lemmas

E.1 Mulitdimensional Garsia-Rodemich-Rumsey Inequal-
ity

Proposition E.1 (Multidimensinal Garsia—Rodemich-Rumsey Inequality (GRR)).

Let ¢(z) and o(x) be positive continuous functions on (0,00) such that ¢(x) is

convex with lim,_, o ¢(x) = 0o, and @(x) is strictly increasing on (0,00) with

©(0) =0. Let f be a continuous function on a subset R C R%. Suppose that

// ( f/(\y})>dxdy:B<oo.

Then, for all x,y € R,
|z—y|
@ -swi<s [ o7 (4) ot
0

Proof. See Lemma 2 in [? |. O
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E.2 Youngs Inequality

Lemma E.2 (Young’s Inequality). Let 1 < py,...,pg, 7 < 00 such that 1/p; +
s+ 1pp — (k=1) =1/r. If fy € LPY(RY), ..., fr € LP=(RY), then

k
I frs - fulloe < TNz
j=1
In particular, if p; = p for all 1 < j <k, then
(Kl
provided k/p — (k —1) = 1/r.

v < | fl%s,

See | ] for a proof.

E.3 Standard Fourier Analysis Bound

Theorem E.3. Let k > 2 be an integer, and set p = % then,

[fllz2e S I llze-

Proof. Note that | f[|%5, = [|f*[|2. = [|f*||22, where the last equality follows
from Plancherel’s theorem. Sincg\the Fourier transform converts pointwise prod-
ucts into convolutions , we have f* = (f)**, and hence 1£11%5, < ||(f)*k||2L2 Now
apply Young’s convolution inequality k& — 1 times (see (E.2)) with coefficients
satisfying %—(k—l) = 1. Solving for p gives p = 725 Then 1) e < ||J?||’Zp
We can conclude that

I llzoe S oy -

L2k—1
Interpolating this estimate with Plancherel’s theorem || f]|z2 = ||ﬂ|L2, via the
Riesz—Thorin interpolation theorem, we obtain that for every 0 < 6 < 1,
n 1 1-0 2k—1 1 1-9 1
[fllzse S fllzre, where oo = 55 + 055= and - = 5= + 0. .

E.4 Dirichlet-Type Integrals
Recall that the Dirichlet density on the simplex is given by

1
; = = 510
flxe, oo, o) Blor, o) HJJZ ; (510)

for x; € 10,1], 1 <14 < k, subject to

k
d a=1 (511)
i=1
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Here,

k
oy
Blog,...,op) = M (512)
F(Zj:l O‘J)
denotes the multivariate Beta function. We will frequently encounter the special
case qp = -+ = Qqp = %, for which (512) simplifies to
1 1 mk/2
Bl=,....= | = . 1
(33) = oy o1
Applying Stirling’s formula,
I(z) ~Vv2r e z — 00, (514)
and setting z = k/2, yields
k 1
[(k/2) ~V2r (2) e k2, (515)
Substituting this into (513), we obtain
(L. 1)= w2
2 2 I'(k/2)
k/2

™

~

k
2

Var (5)87 8 e

1 /2me\™? [E\'/?
:%(k) (2) . ko oo (516)

In particular, the multivariate Beta function decays super-exponentially in k.
We now consider integrals over the k-simplex

Ak(t)::{(sl,...,sk)20<81<"'<Sk<f}. (517)

Suppose we wish to estimate an integral of the form

k
Ik(t) = / (t — Sk)a’“rl_l H(SJ — ijl)aj_l d81 tee dSk, (518)
Ag(t) j=1

where we adopt the convention sy = 0, and where

Ofyenny Q1 > 0. (519)

Define the change of variables

ry = s1, ’I“j :Sj —Sj_l, ZSJ Sk‘, Tk+1 :t—Sk. (520)
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Then each r; > 0, and
T1 —+ -4 Tk+1 =t. (521)
Further the inverse transformation is

si=ri+-+r;, 1<j<k (522)

The Jacobian of the map (r1,...,7%) — (s1,...,Sk) can be seen to be triangular
with determinant 1, and hence

dsy---dsp =dry---dry. (523)
Therefore,
E+1
a;j—1
In(t) = /"1+~--+rk+1:t H r;tdry - dry. (524)
r; >0 Jj=1

To evaluate this integral, we can rescale it onto the unit simplex by another
change of varible

r; = tu;, 1<i<k+1. (525)

Since r1 + -+ - + rgp1 = t, we obtain that u; + -+ + ug+1 = 1. and hence the
simplex {r; > 0:71 + -+ rgy1 =t} can be mapped to the unit simplex

Ak:{ui>0:u1+---+uk+1:1}. (526)

It follows from the mapping that

P = () = (527)
and therefore
k+1 it k+1
H Tiai—l — it (=) H u?i_l_ (528)
i=1 i=1

Since there are k free variables,

dﬁ - drk = tk dul e d'l,Lk;. (529)

Combining these powers yields

k+1

Iy = tz;trf(ai*l)tk H u?ifl duy - - - dug
Ak =1
- k+1
e / T e duuy - - dug. (530)
Ak =1
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The remaining integral is the classical Dirichlet integral:

k+1 k+1
L (o
/ Hu?i—l duy - - - duy, = w_ (531)
A =1 F(Zi:l ai)
Consequently,
k+1
L(t) = =i et Limi D) (532)
r(Siie)
If every singularity is of order 1/2, then
1
alz---:ak+1=§, (533)
then
_ F(1/2)k+1
I(t) = tk0/2-1 L2 534
Since I'(1/2) = /m, this simplifies to
k+1)/2
Ii(t) = tt=1)/2 G (535)

Mk +1)/2)

F Notation

74 d-dimensional integer lattice

Sn Simple random walk at time n

Fn o-algebra generated by (So, ..., Sn)
PSRW Law of the simple random walk

priLT Tilted path measure with parameter h

qZ)TILT Characteristic function under the measure P,}: LILT.
h Tilt parameter

~v(h) Normalizing constant PSEW[eh(51=50)]

prUt(t ) (28)

Dy (83)

f Fourier transform of a function
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